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Abstract 
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1 Introduction 

In this paper we study the degenerate third Painleve equation, 

u »= ^_^ + I(_ 8eu 2 + 2a6) + ^ (1) 
U T T U 

where u = u(t), the primes denote differentiation with respect to r (or t: see below), a and 
b (7^0) are C-valued parameters, and e = ±l. Originally, Equation (1) appeared as a special 
case of, and in the same context as, the complete third Painleve equation, 

/ = ^-^ + 7(ay 2 +/3)+72/ 3 + -, (2) 
y t t y y 

in the studies of Painleve; however, its particular significance was not distinguished at that 
time. 

There is another relation between Equations (1) and (2) (which is why Equation (1) is 
called degenerate), namely, the following double-scaling limit, 

t = er, y(t) = eu(r)+o(e), 

a = — 77, f3 = 2ab, j = (e~ 4 ), 5 = b 2 . 
e z 

The o(e) term in the formula for y{t) above also depends on r: it is supposed that the deriva- 
tives with respect to r of this term are also of the order o(e). Only a few of the formal properties 
of Equation (1), namely, the Hamiltonian structure and Backlund transformations, can be 
derived from those for Equation (2) as a straightforward consequence of the double-scaling 
limit (3), whereas its analytic and asymptotic properties require separate considerations. Re- 
cently, Equation (1) has appeared in a number of physical [1-4] and geometrical applications 
[5] (in contexts independent of Equation (2)) where knowledge of asymptotic properties of its 
solutions is of special importance. 

The Backlund transformation for Equation (1) was obtained by Gromak [6]: he also proved 
[7] that the only algebraic solutions of the complete third Painleve equation are rational 
functions of r 1 / 3 . Actually, these functions are solutions of Equation (1) for ai = n £ Z and 
arbitrary, non- vanishing values of e and b. For fixed values of a\ = n, b and e, there is exactly one 
algebraic solution of Equation (1) which is a multi-valued function with three branches. This 
solution can be obtained by applying \n\ Backlund transformations to the simplest solution 
of Equation (1), namely, u = 6 2 / 3 T 1 / 3 /2e (for a = 0). All other solutions are non-classical in 
the sense of Darboux-Umemura [8, 9], that is, the absence of invariant algebraic curves of the 
corresponding Hamiltonian vector field: this was recently proved by Ohyama [10]. 

The most efficacious approach for studying the asymptotic behaviour of general solutions 
of the Painleve equations and, especially, connection formulae for their asymptotics, is the 
method of isomonodromic deformations [11-15], or a closely related technique based on a 
steepest descent-type analysis of the associated Riemann-Hilbert problem [16]. Equation (1), 
in the case a = 0, was studied by the isomonodromy deformation method in [17], where 
asymptotics as r^O and 00, as well as the corresponding connection formulae, were obtained: 
that work was based on the study of isomonodromic deformations of a 3 x 3 matrix linear 
ODE with two irregular singular points. At the same time, as noted in [18], there is another 
matrix linear ODE in terms of 2x2 matrices whose isomonodromy deformations are described 
by Equation (1) (with arbitrary a). In this work, the latter ODE is used for the analysis of 
Equation (1). 

Proposition 1.1 ([18]). The necessary and sufficient condition for the compatibility of the 
linear system 

dM\ r) = U(X, r)$(A, r), d T <K(A, r) = V(A, r)<&(A, r), (4) 
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with 



.... / . ai 1/0 C(r)\ i / V-A(r)B(r) A(r) 

UiX > T)=T [- 1(J3 -^-x{D(T) J + B(T) -^ - A (r)B(r) 



V ^ T) -[- lX<T3 + ^-{D(r) )-2x{ B{r) -V-A{t)B{t)) ) ' 

CJ3 = ( J _?i ) , <9z := J^, and differentiable, scalar-valued functions A(t), B(t), C(t), and 
D{t), is that A(t), B(t), C(t), and D{t) satisfy the following system of isomonodromy 
deformations: 

A'(t)=4C(t)V-A(t)B(t), B'(t) = -4D(t)V-A(t)B(t), 

( r C( T )) , = 2aiC(r)-2r^(r), (rD(r))' = -2aiL>(r) + 2rB(r), ( 5 ) 

(V-^(r) J B(r)) / = 2(^(r)D(r)- J B(r)C(r)). 

Proof. Follows from the Frobenius compatibility condition, d T d\$>(\,T) = d\d T &(\,r). □ 

Remark 1.1. System (5) implies that when A(t) = 0=^5(r)C(r) = 0, and, when S(r) = 0=^ 
A(r)D(r) = 0: for these cases, System (5) can be solved exactly; hence, one excludes these 
cases from further consideration. Hereafter, all explicit r dependencies are suppressed, except 
where confusion may arise. ■ 

Proposition 1.2. Let u=u(t) and (p = (p(r) solve the following system, 

u" = — + - (-8eu 2 + 2ab ) + — , 

, 2a b y ' 

<P = — + -, 

T U 

where e = ±l, and a,6eC are independent of t. Then 

A(r):=^W, B(r):=-^e"W C (r):=^'(r), D(t):=-^B>(t), 

solve System (5). Conversely, let A(t)^0, B(t)^0, C(r), and D (r) so/we System (5), and 
define 

n ( r ) : = eTV / -^(r)i3(r), ^(r) :=-iln(- A(t)/B(t)), and 6:=u(r)(^'(r)-2a/r). 
T/ien 6 is independent of t, and u(t) solves Equation (1). 

Proof. Straightforward verification. □ 

eci f l+^rV 7 ^") 

Remark 1.2. For 6 = 0, System (6) yields u(r) = f^- ) -J-?, where c; G C, i = l,2, 

DT 16rn-H 2 -rV c lj 

and ip(r) = 2a In t-H^ , with ip Q G C; therefore, hereafter, only the case 6/0 will be considered. 
In the latter case, one can rescale the parameters e,b from Equation (1) via the following 
sequence of scaling transformations: (1) t ^>t j \feb and u^uVeb; followed by (2) r^er and 
u^u. As these algebraic rescalings change argr, which is important for asymptotics, it is 
convenient to keep the parameters e, 6 explicitly. ■ 

The Hamiltonian structure of Equation (1) can be derived from the corresponding struc- 
ture of Equation (2) [12, 19] by applying the double-scaling limit (3). 
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Proposition 1.3. Let 



-u < ^ P 2 V 2 2 £lP g(ai+l/2) (ai+1/2) 2 

n £1 (p,q;T):= +4e^+i6p+ , (7) 

r r zr 



where e 2 = e\ = l. Then Hamilton's equations, 

dp dH £1 (p,q;r) dq dH £l (p,q;T) 

dr = dq ^ dr = dp- ' (8) 

are equivalent to either one of the following degenerate third Painleve equations, 

j\2 ^ n , --16 



IV/M 2 o' 1 ft 2 

g/' = Wi__«L + iL(_ feg 2_ 6(2aei _ i(1+£l)) ) + ^_. (10) 
q t t q 

Proof. The Hamiltonian System (8) can be rewritten as 

r{g'-\b) (ai+l/2) gl r(p / + 4 £ ) (ai + l/2) £l 

J> = — — H > 9 = jr-2 + • (11) 

2g 2 g 2p 2 p 

The proposition follows from Equation (11) by straightforward calculations. □ 

Remark 1.3. Either expression in Equation (11) is equivalent to the Backhand transformation 
[7] for Equation (1). The connection of 7i ei (p,q;T) with the isomonodromy deformations is 
given in Remark 2.2 of Section 2. ■ 

It is worth noting two other differential equations related to the degenerate third Painleve 
equation: 

r 2 (r+4i £ 6) 2 = (4/- ei (2ia+l)) 2 ((/ / ) 2 +8iefc/), 
{to" -a') 2 = 2(2a-Ta') (V) 2 - 32ie6r (( ^ - afci) a' + 2iebr) , 

f(r) = P -^, 

a(r) := tH £1 (p(r), q(r); r)+2/(r) + \ (ai+l) 2 -£i (ai+1) +\ 
= (p(r)(?(r)- ei (ai+i-f)) 2 +r(4 e g(r)+ifep(T)). 

The functions u{t) and /(r) solve some well-known integrable differential-difference and dif- 
ference equations which are given in Section 6. In this work, asymptotics of Equation (1) 
as t-> ±0, ±i0, ±oo, and ±ioo are parametrised in terms of the monodromy data of Sys- 
tem (4). This parametrisation is equivalent to finding the corresponding connection formulae: 
indeed, given asymptotics of some solution as r — > ±0 (resp., ±i0) or ±oo (resp., ±ioo), it 
is straightforward to determine the corresponding monodromy data, and therefore to obtain 
asymptotics of the same solution as r^±oo (resp., ±ioo) or ±0 (resp., ±i0). 

There are different technical means by which isomonodromy deformations can be used to 
obtain the desired parametrisation of asymptotics. For the first time, isomonodromy defor- 
mations for the solution of the connection problem for the six Painleve equations were used 
by Jimbo [14]; however, that work only dealt with asymptotics of solutions of the Painleve 
equations in the neighbourhood of the regular singular points. At about the same time, Its et 
al. [20] used isomonodromy deformations for the parametrisation of asymptotics of a special 
solution to the third Painleve equation in the neighbourhood of its essential singular point by 
means of the corresponding monodromy data; however, this was done in the context of the 
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solution of an asymptotic problem for special (rapidly decaying) solutions of the sine-Gordon 
equation rather than the connection problem for the third Painleve equation. Novokshenov 
[21] used similar methods to solve the connection problem for a particular solution of the 
third Painleve equation. These asymptotic methods for the Painleve equations (see, also, 
[22]), based on the asymptotic analysis of associated linear ODEs, were developed further in 
a number of works; for a recent example, see [23]. Here, we also follow these ideas. 

Primary emphasis is given to the global asymptotic properties of <£(A, r), that is, the 
possibility of matching different local asymptotic expansions of <J>(A, r) at singular and turning 
points, which culminates in the asymptotic expansion of solutions of the Painleve equations. 
The justification scheme for this asymptotic method was suggested in [24]. Further details 
concerning its application to particular Painleve equations can be found in [25, 26]. 

This paper is organized as follows. In Section 2, the principal object of study, that is, the 
manifold of monodromy data, is introduced. In Section 3, the results of this work, namely, 
asymptotics of general solutions of Equation (1) parametrised in terms of the monodromy data 
(points of the monodromy manifold), are given. In Section 4 (resp., Section 5), the t^+oo 
(resp., r — > +0) asymptotic analysis for the general solutions of Equation (1) is presented. 
In Section 6, the Backhand transformations for Equation (1) are derived as a consequence 
of the Schlesinger transformations (cf. [18]). This allows one to remove the restriction on 
the parameter (of formal monodromy) a which is imposed in Section 5, and to extend the 
corresponding asymptotic (and connection) results as r — > +0 to any complex value of the 
parameter a. In the same section we also find the actions of the Lie-point symmetries for 
System (5) on the manifold of the monodromy data: the latter is used to extend the connection 
results found in the previous sections for asymptotics on the positive semi-axis to asymptotics 
on the negative semi-axis, and, in the Appendix, for asymptotics on the imaginary axis. 

Many modern applications actually require knowledge of the function TC(t) rather than the 
original Painleve function u(t). Therefore, we present the corresponding asymptotic results for 
the function 7~L{t). Actually, our asymptotics for the function TC(t) as r — > ±oo is "incomplete" 
as the leading term that directly follows from our calculations is parametrised by only one 
monodromy parameter, while there should be two. To obtain a complete parametrisation, 
one has to find one more term in the asymptotic expansion of T~C(t): the latter requires the 
calculation of two further terms in the asymptotic expansion for the function u(t). This 
calculation is not related to the isomonodromy deformation technique considered here, but 
can be obtained by a direct substitution of the corresponding ansatz into Equation (1). 
Our asymptotic results as r — > ±oo are also incomplete in another sense: we haven't found 
asymptotics for all domains of the monodromy manifold; in particular, asymptotics as r — > 
±oo of the singular real solutions of Equation (1). We are planning on closing both "gaps" 
mentioned above in a subsequent work. 

2 The Manifold of Monodromy Data 

The leading terms, as A^O, of the matrices U(A, r) and V(A, r) in System (4) are degenerate. 
Therefore, we begin with a Fabry- type transformation (see [27]) to obtain, instead of System 
(4), one with non-degenerate leading terms at irregular singular points. 

Proposition 2.1. Define variables ji and Vl/ = \I/(//, r) : 
A = „», .(A,r):=^((J 

where <J>(A,r) is a fundamental solution of System (4). Then 

6» M * = U(/i,r)*, d T V = V(fi,T)y, (12) 

where 
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^ -2 / "rat /ai AD \ 1/05 



5 := _l^ a iyrAB +T ( J 4 jD+jB c<)^ . (13) 

Proof. Follows from the change of independent and dependent variables given in the 
Proposition and System (4). □ 



Lemma 2.1. 

l det {irB o) =_i5jB = e6 ' e = ±1 > ( 14 ) 

uref/i 5 defined by Equation (13). 

Proof. Substituting the parametrisation for A, B, C, and D in terms of n(r) and </?(r) (cf. 
Proposition 1.2), one deduces that aB = ieu(ip' — 2a/r): the result stated in the Lemma now 
follows from Equation (6). □ 

System (12) has two irregular singular points, fi = cc and fi = 0. For 5>0 and keZ, define 
the (sectorial) neighbourhoods and 0°, respectively, of these points: 

fig :={/*; \n\>8-\ -f + f <arg / u+iargr<f + f }, 

:= { /j.; |//|<<5, — 7r+7r/c<arg^— 1 argr — i arg(e6) <7r+7rA:} . 

The following Proposition is a direct consequence of general asymptotic results for linear 
ODEs [28, 29] and Lemma 2.1. 

Proposition 2.2. For fceZ, i/iere exisi solutions Y k °°([i) and X®(/j,) of System (12) which 
are uniquely defined by the following asymptotic expansions: 



Y k °°((i) := fl+lM/( 1 ) + i-M/( 2 ) + ...Vxp(-i(V + (a-i/2)ln / u)a 3 ), 
/i-t-oo \ n n z J 



(15) 



:= ^(I+Z^+.-Oexpf-^aa), (16) 



where ln/x:=ln |/x|+i arg /x, 



4? = - i (rv^AB +TJ DC +; A^) , V© = f (v^AB +CD-) , 

*o = ^($bs) (*i+*3), ^=(_>) _>)' ( 18 ) 

„; i 1 2tAO \ 2 / ; | 1 , 2tAD \ 



(11) _ ( al +2 + ^Aflj 2ir 3 / 2 v^AB Dy^fe J12) 



1 2iV7ib ~~ y/eb B ' 1 2iv / 7i& 

In Proposition 2.2 and below, we use the Pauli matrices 

ffl = (i o)' CT2 = (i o 1 )' and a3= (l -1 



and 5°: 



The canonical solutions, Y£°(/j,) and X°(/x), enable one to define the Stokes matrices 

Y£M = Y k °°(»)S?, (19) 
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Xl +1 (^) = Xl^)Sl (20) 

The Stokes matrices are independent of the parameters \i and r, and have the following 
structures: 

coo_/^l 0\ oo _fl s?? k+1 \ o _(\ s°A o _( \ 0\ . . 
Wk V' 2fe+1 "V0 1 7' i2fc_ V0 lj' 2fc+1 "Ufc+i V' 

The parameters and n £ Z, are called the Stokes multipliers. Using Equations (15) 
and (16), one shows that 

n+ 4 (^e 27ri ) = n°°(^)e 27r(a - i/2)CT3 , X° k+2 (^) = X° k (n); (22) 

hence, from Equations (19), (20), and (22), one arrives at 

< S^. 4 = e - 2w(a - i/2),T3 < Sre 2 " (a " i/2),T3 , S° k+2 = S° k . (23) 

Equations (23) show that the number of independent Stokes multipliers does not exceed six, 
e.g., Sq, Si, Sq , sf°, s??, and S3 . Furthermore, due to the special structure of System (12), 

namely, the coefficient matrices of odd (resp., even) powers of /i in U(/x, r) are diagonal (resp., 
off-diagonal) and vice-versa for V(p,r), one can deduce further relations between the Stokes 
multipliers. More precisely, as a result of the above-mentioned special structure, one obtains 
the following symmetry reductions for the canonical solutions: 

Y k ™M = a 3 Y k ™ 2 ^e« i )a 3 e-< a - i / 2 ^, X° k (f,)=a 3 X° k+1 (^ i )a 1 . (24) 

Equations (24) imply the following relations for the Stokes matrices (multipliers): 

b k+2 = a 3 e v 1 > d b k e ^ 1 1 A a 3 , b k =a 1 b k+1 a 1 . (25) 



Equations (25) reduce the number of independent Stokes multipliers by a factor of 2; in 

'0! 6 ' b l ' 



particular, all Stokes multipliers can be expressed in terms of Sq, Sq°, sf, and the parameter 



of formal monodromy, a. 

There is one more relation between the Stokes multipliers which follows from the so- 
called cyclic relation. Define the monodromy matrices at infinity, M°°, and at zero, M°, by 
the following relations: 

YF(j*-™):=YS°(j*)M°°, (26) 
X° (^):=X^)M°. (27) 

Since Yq°(ij,) and Xq(/j,) are solutions of System (12), they differ by a right-hand factor G, 

y °»:=X V)G, (28) 

where G is called the connection matrix. As matrices relating fundamental solutions of System 
(12), the monodromy, connection, and Stokes matrices are independent of \x and r. Further- 
more, since tr(U(/x, r)) =tr(V(/x, r)) = (cf. Proposition 2.1, System (12)), it follows that 

det(M°) = det(M°°)=det(G) = l. (29) 

From the definition of the monodromy and connection matrices, one deduces the following 
cyclic relation: 

GM°° = M°G. (30) 
The monodromy matrices can be expressed in terms of the Stokes matrices: 

M 0O = S$>S?>S?>S£> e - 2 ^-i/2y 3) M° = Sgfi?. (31) 
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Due to the symmetry reductions (24), one can derive, using Equations (19), (20), and (28), 
the semi-cyclic relation: 

G- 1 S^ 1 G = S^S'{ a 3 e- n ^ i/2)a3 . (32) 

Using the first of Equations (25), one shows that M°° = (S^ 3 S^°a 3 e-^ a - i ^' J3 ) 2 ; hence, the 
semi-cyclic relation (Equation (32)) implies the cyclic one (Equation (30)). The Stokes mul- 
tipliers, s[j, and s^°, the elements of the connection matrix, (G)ij =: gij, i,j = 1,2, and 
the parameter of formal monodromy, a, are called the monodromy data. Consider C 8 with 
co-ordinates (a, s[j, Sq°, s^°, gu, g\ 2 , 921, 922)- The algebraic variety defined by det(G) = l and 
Equation (32) is called the manifold of monodromy data, M. Since only three of the four 
equations in (32) are independent, it is clear that dime (M) =4. More precisely, the equations 
defining M are as follows: 

s oo s oo = _i_ e -2™_i s o e -™ ; g 22 g 21 -g 11 g 12 + slg 11 g 22 = \^ a , (33) 

Sii- 521 -So5'ii5'2i = ie~ 7ra s§ , 522-5i 2 + s o5i2522 = ie 7ra sf , 511522-512521 = 1- 
These equations are equivalent to one of the following (three) systems: 

(1) 511522 /0 => 

oo_ (52i+i5iiO oo_ (5i2-i522e~™) p_ ie^ Q g l2 g 21 

Sq — , s 1 — , s o~ I > 

522 511 511522 522 511 

(2) g u = 0=^-522 7^0, parameters = (sg, g 22 ), 

■ — ira \ p —TTa 
„ „ _ „oo_ *~ „oo _ -2 /-. , Q 27ra , • „7ra\ 7ra. 

512 — i522e , 521 — , -s — g — > s \ —- l 922\ l + e +is e )e , 

522 522 

(3) g n ^0^g 22 =0, parameters =(sg, 511 ), 



512 = -—, 52i = -ie™5ii, s? = -^^, s%> = -ig 2 u (l+ e 2 ™+i S [Je™)e" 
5n 5n 

Remark 2.1. In view of the rescalings mentioned in Remark 1.2, one can renormalise the 
canonical solutions, namely, t—>t /Veb, /z— > ^(efe) 1 / 4 , and Y fc °° ~^Y£° exp(— \{a— ^) h\{eb)a^), 
such that the monodromy data will be independent of the parameters e, b. Thus, the depen- 
dence of the solution, u(t), on the parameter (product) eb is similar to its dependence on r; 
in particular, u(r) has singular points at eb = and 00. ■ 

Proposition 2.3. Define the functions 

Wo(r):=tr(^ 1< 7 3 ) and H^r) :=tr(i(2^ 2 ) - (^) 2 )a 3 ) , (34) 

where Vl/W, \l/( 2 ), and Zi are £/te coefficients of the asymptotic expansions (15) anc? (16). Let 

K(r):=Ko(r)+Hoo(r). (35) 



-3-7ra 



„0„7raN „7ra 



Then 



H (r)-H oo (r) = -^(a-i) 2 , (36) 



H(r) = ^^^+4rv^AB-i^ + 2rCD+^ s (3?) 
= («-^)^ + ^(«-^) 2 + 4^7)((^W) 2 + &2 )+ 4 ^)- 
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Proof. Using the explicit expressions for Vl^ 1 ), ^( 2 ), and Z\ given in Equations (17) 
and (18), one obtains the first equation of (37) and 



n (r ) - Woo (r ) = v 2 2 V T - ABJ - ^ - 2rCD - -fi- . 

Now, from the formulae for A(r), B(r), C(r), and D{t) in terms of u(t) and ip(r) given in 
Proposition 1.2, one arrives at Equation (36) and the second of (37). □ 

Remark 2.2. Note that H £i {p(t),u(t);t)\ £i= -i = H(t), where H £l (p,q;T) is defined in 
Equation (7), H(t) is given by the second of (37), and p(r) is calculated from the first 
equation of (11) with q = u(r). ■ 

An important object in the theory of Painleve equations is the T-function [12, 13, 30]. In 
this work, it is defined as follows: 



W(r):=a T ln(T(r)). 



3 Summary of Results 



In order to present our asymptotic results, it is convenient to introduce the following auxiliary 
mapping 3" £l , £2 : M -► M, (a, sg, sf, sf , g n , g 12 , 321, g 22 ) ((-l) £2 a, s[J, sf (ei, e 2 ), sf (ei, 
£2), 3n(£i, £2), 312(^1, £2), 321(^1, £2), 322(^1, £2)), £i,£2 = 0,±l. Define: 

(1) Jq.o as the identity mapping: sf (0, 0) = sf , sf (0, 0) = sf , and 3^ (0, 0) = 3^ , i,j = 1,2; 



(2) J ,-i as: sf (0, -1) = sf e~™, sf (0, -1) = s^e'™, <7n(0, -1) = -g 22 e~^, 5-12(0,-1) 
-(52i+So°522)e^, 521(0, -l) = -(5i2-So5 22 )e"^, and g 22 (0, -l) = -(gu-s ) g 2 i+{gi 2 - 
fe)^)e r 



7ra 
2 



(3) J ,i as: sf (0, 1) = sf e~™, sf (0, 1) = sf e"™, 5 n(0, 1) = -^e"^ , ffl2 (0, l) = -i(3n + 
sf3i2)e^\ ff2i (0, l) = -i3 22 e~if , and 322(0, l) = -i(32i + sf 322)^; 

(4) 3L 1)0 as: s f (_l, ) = -sf e"™, sf (-1, 0) = -sf e™, 3n(-l, 0) =32ie~^, 3i 2 (-l,0) = 
-32 2 e 2 , 321 (-1,0) = (311 -So52i )e 2 , and 3 22 (-l, 0) = -(312 -s^3 22 )e 2 ; 

(5) as: sf (-1,-1) = -sf , sf (-1,-1) = -sfe" 2 ™, gu{-l-l) = 312 -fe, 
3i2(-l,-l) = -3n + So52i-(3i2-Sof22)so°, 521 (-1,-1) = 322 - (312 - So322)s[j> and 
3 22 (-l, -1) = -321 + (3ii - So32i)s[i - (522 - (312 - So322)«o)sf ; 

(6) 5F_i,i as: sf (-1,1) = -sf , sf (-1,1) = -sfe" 2 ™, gu(-l,l) = ig 22 , 3i 2 (-M) = 
-i(32i+So°3 22 ), 32i(-l, l) = i(3i2-So3 22 ), and 3 22 (-l, 1) = -i(3ii-So32i+(3i2-So322)s8°); 

(7) J lj0 as: sf (l,0) = -sf e™, sf (1, 0) = -sf e"™, 3n(l, 0) = (g 2 i + s gu)e^ , ^ 2 (1,0) = 
-(322 + 50312)6"^, 32i(l,0) = 3ne^, and 3 22 (1, 0) = -3i 2 e - ^; 

(8) as: sf (l,-l) = -sfe- 2 ™, sf (1, -1) = -sf , 3n(l, -1) = gi 2 e~™, g 12 (l,-l) = 
-(3n + sf3i 2 )e™, 32i(l,-l)=32 2 e-™, and 3 22 (1, -1) = -(g 2 i+sffg 22 )e™; and 

(9) as: sf (1, 1) = -sf e" 2 ™, sf (1, 1) = -sf , g n (l, 1) = i(g 22 + s%g 12 )e-™, 312(1, 1) = 
- i(32i + 4di 1 + (322 + s° g 12 ) sf ) e™ , and 322 ( 1 , 1 ) = - i (311 + sf 312 ) e™ . 

Remark 3.1. Throughout this work, e and 5 (assumed sufficiently small), with and without 
subscripts, superscripts, etc., denote positive real numbers, and the context(s) in which they 
appear should make clear the parameter (s), if any, on which they depend. The roots of positive 
quantities are assumed positive, whilst the branches of the roots of complex quantities can 
be taken arbitrarily, unless stated otherwise. For negative values of a real variable x (x = r 
or eb, say), x 1 / 3 := -jx] 1 / 3 . ■ 
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Theorem 3.1. Let £1,62 = 0, ±1, eb = |e6|e 17r£2 ; and u(t) be a solution of Equation (1) 
corresponding to the monodromy data (a, s[j, sg , gu, gu, 921, 922)- Suppose that 

9n (ei , £2)512 (ei , £2)^21 (£1 , £2)522 (£1 , £2) + 0, I Re ln(#n [e x , £2)522 (£1 , £2))) | < g ■ (38) 
T/ien 3 5>0 such that u(t) has the asymptotic expansion 

<t) r ^= in£l ( ~ l)6 ^/f^ (VtT + ^ (£l ' £2) + 1 e¥ cosh (^ r ) + , ea) + 1) lntf(T) 
+ z( £l , £2 ) +0 (V- 5 ))), (39) 

w/iere 

t?(r) :=3V3 lefel^lrl 2 / 3 , ?(ei,e 2 ) + l:= ^ ln( 5ll ( £l , £2)922(21, £2)), 

«(ei,e 2 ) :=iln(27r)-^-^(?(£ 1 ,£ 2 ) + l) + (-l) £2 ialn(2 + V3) +(?(£!, £ 2 ) + l)ln 12 
- In {to (£1 , £ 2 ) yJv(ex , £2 ) + 1 r (v{ei , £ 2 ) + 1 ) ) , 

with 

i , 912 (ei, £2) 

Cj(£l,£ 2 )~ 



522 (£l, £2)' 



and T(-) is the gamma function [31]. 

Xei 7Y(t) 6e i/ie Hamiltonian function defined in Equation (35) corresponding to the func- 
tion u(t) given above. Then 

H{t) = 3(£6) 2 /V 1 / 3 + 2|£6|V3 r -V3^ a _ ( _ 1)£ 2 i/2) _2^ i ( ? ( ei)e2 ) + i) +0 ^ N ) N ) 

T- ►OOe 17rS l V \ JJ 

+ ('-(- W, (40) 
2r 

Remark 3.2. If conditions (38) are valid for two distinct pairs of values of (£i,£ 2 ), (e\,e\) 

and (£^,£ 2 ), say, then Theorem 3.1 yields connection formulae for asymptotics of u(t) as 

r — > ooe 17re i and r — > ooe 17re i ; for example, the connection formulae in terms of the parameters 
w(±l,0) and £(±1,0) read: 



; ( 1 , 0) = u + (V ™ + e 27ri ^ +1 ^ , 

e -M(?(l,0)+l) = _ w ^ e -2 W i(?+l) +ie - Wa ^ ; 

^2^+1) 
^( 1 ' ^- e 2^+l)_ 1 _ ia;e - 7 ra' 

e - 27 ri(?(-l,0)+l) = J_^ 1 _ e 2 W i(?+l)^ ^_ e -M(?+l) + i£4;e -^ ; 

where a; :=w(0, 0), and v:=v(0, 0). ■ 

Theorem 3.2. Zei £i,£ 2 = 0, ±1, £6 = |£&|e 17r£2 ; and u(t) be a solution of Equation (1) 
corresponding to the monodromy data (a, Sq, s^°, s^°, 511, 512, 921, 922)- Suppose that 

921 (ei, £2) = 0, 911 (£1, £2)922(21, £2) = 1. 
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Then 3 5>0 such that u(t) has the asymptotic expansion 

e{ebfl\ in (-ireVW\(s°o-^^) A/3 - 
U ^ T Wi 2 T + 23/23V40F \V3+l) 

x exp 

Theorem 3.3. Let £1,62 = 0, ±1, eb = |e6|e 17r£2 ; and n(r) be a solution of Equation (1) 
corresponding to the monodromy data (a, s(], sg , 1711, 312, 521, 522)- Suppose that 

912 (£1 , £2 ) = 0, 311 (£1 , £ 2 )#22 (£1 , £ 2 ) = 1 ■ 

Then 3 5>0 such that u{t) has the asymptotic expansion 



£(£6) 2 / 3 _ 1/3 (--l^eVpKgg- ie^- 1 ) 8 ^ 1 ^) fy/3+1 



h(t^) = T 

2 3/2 3 i/4 ^ IV3-1 



(-l) £ 2ia 



x eX p(i(3V3|£6| 1 / 3 |r| 2 / 3 + ^)) (i + K^)) • (42) 

Remark 3.3. The function K(r) also has asymptotics (40) for the conditions on the mon- 
odromy data given in Theorems 3.2 and 3.3. ■ 

Theorem 3.4. Let £i,£2 = 0, ±1, eb = |£6|e 17r£2 ; and n(r) be a solution of Equation (1) 
corresponding to the monodromy data (a, Sq, sg , gn, #12, <?2ii 522)- Suppose that 



where 



|Im(a)|<l, 5ii(ei, £2)522(^1, e 2 )/0, |Re(p)|<-, (43) 



is 1 

cos(2vr / 9):=-^= cosh(TO) + -sg°s?°e™. (44) 



Then 3 5>0 such that u{t) has the asymptotic expansion 



<r) = ( 1 ^ 2T6 exp((-ir^)(p((-ira,p)xi(g( g i, £ 2);p)|r| 2 ^+p((-ira,- / >) 

x Xl (5(£i,£2);-p)|T|-^)(p((-ir +1 a,p)e- i ^X2(5(ei,£2);/>)|T| 2 ^ 

+ p((-l)«+ia,-p)e i ^2(^i,e2);-/>)|Tr^)(l + 0(r 5 )) , (45) 



where 



Xi(5(ei,£2);z 3 ):=5'ii(ei,e2)e 17r " ;3 e4 + 5 t 21 (£ 1 ,£ 2 ) e 17r * 3 e 4, 
X2 (5>i , £2) ; Z4) := 512 (ei , e 2 )e iKZ *e^ +522 (ei , e 2 )e~ i ^ 4 e- t . 



(47) 



Let H(r) 6e i/ie Hamiltonian function defined in Equation (35) corresponding to the func- 
tion u(t) given above. Then 

v , , 2p (p((-l) e2 a,p)xi(5(ei,e2);p)|r|^-p((-l) e2 a,-p)xi(^i,£2);-p)|rr 2 ^) 

7t(r) 



.oe'-i r (p((-l) £2 ,p)xi(5(ei,e2);p)|r|^+p((-l) e2 a,-p)xi(5(£i,£2);-p)|rh 2 ^) 
+ i(a(a-(-iri) + l+8p 2 ]+ (l]. (.18) 
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Theorem 3.5. Let £1,62 = 0, ±1, eb = |e6|e 17r£2 , and u(t) be a solution of Equation (1) 
corresponding to the monodromy data (a, Sq, sg , sf°, gu, gu, <? 2 i, 922)- Suppose that 

|Im(a)|<l, 5n(ei, £2)522(^1, £2)^0, sg = 2i. (49) 

Then 3 5>0 such that u(r) has the asymptotic expansion 

(-l) £2 rbexp((-l) £ ^) ( / { -^na nl( „ £2 A , (-l)^Tra 

x (32i(ei,£2)e"T -3511(61, e 2 )eT) + (-l) £2 iaxi(5(ei, £2); 0) In |r|^) 

x (x2(g>i, £ 2);0)(l + i ^Q((-l) £2+1 a)) + ( ~ 1) 4 £27ra (ffi 2 ( £l , £2 )ef 

- 3 5 22(ei,e2)e-T)-(-l) e Mox2(5(ei,e2);0)ln|r|)fl + oM) , (50) 



where Xj(g(,£i, £ 2)', •), J = 1, 2, are defined in Theorem 3.4, Equations (47), 

Q(z) :=4V>(l)-0(iz/2)+Iii 2-ln(|£6|), (51) 

t/>(x) := ^ lnT(x) is the psi function, and = —0.57721566490 .. . [31]. 

iei TL{j) be the Hamiltonian function defined in Equation (35) corresponding to the func- 
tion u(t) given above. Then 

W(r) = ^(a{a-{-lYH) + -\+^- t ^'f^ , ,, +of-Y (52) 

; T ^o c i-i2rV 4y r(a 2 (£i,£ 2 )+62(£i,£2)ln|T|) V T / 

u>/iere 

a 2 (ei,e 2 ) :=Xi(^i, £2); 0) (l- ^j^Q((-l) £2 a)) + ^^ fei^i, e 2 ) e -T 
-35n(£i,e 2 )eT), 

o 2 (ei,£ 2 ):=(-l) e2 iaxi(<?(£i,£ 2 );0). 
Conjecture 3.1. For i/te conditions stated in Theorem 3.4, 

T(r) = const. rK^-(-i) £2 i)+|+8p 2 )(p ( (_i )£2a)P ) Xl (^ 1;£2 ) ;p )| r |2p 

+ p((-l)^a,-p) Xl (g(e u e 2 );-p)\T\- 2 P)(l + o(T S )) . (53) 
Conjecture 3.2. For i/te conditions stated in Theorem 3.5, 

T(r) = const. rM«(--(- 1 ) e2i )+3)(a2(ei, e 2 )+6 2 (ei, £ 2 )ln |r|)(l+ M) . (54) 

Remark 3.4. Conjectures 3.1 and 3.2 can be proved under the assumption that the error 
terms in Equations (48) and (52) behave as power-like functions under integration. One can 
also obtain asymptotics for t(t) as r^ooe 17r£l , £i = 0,±l, up to exp(C(r 2//3 )), under similar 
assumptions on the error term in Equation (40). ■ 

Remark 3.5. The asymptotic results as r — ► +00 for the functions A(t), B(t), C(t), and 
D(t), which solve System (5), can be found, via Equations (56), in Proposition 4.3.1. The 
asymptotics as r^+0 for these functions for p^0 (resp., p = 0) are given in Proposition 5.5 
(resp., Proposition 5.7) via Proposition 5.6. Asymptotics of these functions for negative and 
(pure) imaginary values of r can be obtained by applying the transformations given in Sec- 
tion 6, as was done for u(t) (see Subsection 6.2 and the Appendix). ■ 
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4 Calculation of the Monodromy Data as r^+oo 

In this section the results stated in Theorem 3.1 for r^+oo and eb>0 are derived. The corre- 
sponding results stated in Theorems 3.2 and 3.3 can be obtained analogously. The derivation 
is based on the WKB analysis of the /i-part of System (12): 



0„tf=lt(/i,T)tf. (55) 



4.1 WKB Analysis 



This subsection is devoted to the WKB analysis of Equation (55) as t-> +oo. In order to 
put Equation (55) into a form suitable for WKB analysis, it is convenient to introduce the 
notation given in Proposition 4.1.1 below. 



Proposition 4.1.1. Let 

A{r) = a(T)r- 2 / 3 , B(t) = 6(t)t- 2 / 3 , C{t) = c{t)t~ 1 ^ , D{t) = oI(t)t- 1 / s , 

/I = MT 1 / 6 , *(jl)=T-^ 12 >^(flT- 1 / & ). 



(56) 



Then 



where 



d~^(Jl) = T 2 / 3 A(Jl,r)^(Jl), (57) 



_4iV-a(r)6(r)\ i r ( r )( e &)l/3 



ieb 



\-2d(r) / 2/z /x 2 Vi6(t) / 



ir(r)(£6)V3 _ ( _ l\__ 2/3 , 2a(r)d(r 



V 2y V-o(r)6(r) 

Proof. Equations (57)-(59) are obtained by the direct substitution of Equations (56) into 
Equation (55), upon taking into account Lemma 2.1. □ 
The WKB analysis for Equation (57) is carried out under the following conditions: 

o(r)d(T)+6(T)c(r)+aiV-a(r)6(r) t~ 2 / 3 = -^, (60) 

r(r) = -2 + r (r)r- 1 / 3 , (61) 

/ TT7TT / x „n a(r)rf(r)r- 2 / 3 (a-i/2) 2 r- 4 / 3 3(e6) 2 / 3 , , . 2/3 

V-a(r)6(r) +c(r)d(r) + 7 ^= = - ^ = h (r)^ , (62) 

2v —a(T)b{T) 4 4 

*^pE=i + , W r-'/», (03) 

where 

h (r) = 0(1), \r (r)\ ^ o(r s <>) , |n (r)| < o(tM , 0«5<><J. (64) 

Remark 4.1.1. Equation (60) is the integral of motion for System (5) in terms of a(r), b(r), 
c(r), and d(r). Actually, in conditions (61)-(63) the functions ro(r), ho(r), and uo(t), with 
the power-like (growth) behaviours given in Equation (64), are introduced. Conditions (61)- 
(63), although somewhat artificial looking at this stage, will be clarified as they appear in the 
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following (asymptotic) analysis. It is worth noting that conditions (60)-(63) are self-consistent; 
in fact, they are equivalent to 

q(r)d(r) i(efc) 1 / 3 i(eb)^r (r) 1/3 if i\ _ 2/3 

V-a(r)6(r) 2 4 ' 2\ 2j ' { ' 

^._^ + KE6) , 3 (_^_^)) T -V3_i( a+ .) r -,3, (66) 

u o( r ) , r o( r ) f u o(t) r (r) 



I+uoHt-Vs 2 V v l +no ( T ) r - 1 /3 4 
(e6)V3^ ^ (^)V3 (a _i/2) Uo ( r )__ 1/3 



■ (67) 

In certain domains (see below) of the complex ju-plane, the leading term of asymptotics 

(as r — ► +oo) of a fundamental solution, *(//), of Equation (57) is given by the following 
WKB formula [29], 

*WKB(£)=T(£)exp^-iT 2 / 3 <7 3 J"mdS- |' 1 diag((r(0)- 1 ^T(0) , (68) 

where 

W = l@,T):=(det(A(m 1/2 , (69) 
and T{p) diagonalises A(J1), that is, (T(jl))~ 1 A(fi)T(ji) = —\l(p)o~3 (the r dependencies of 

^WKb(a<0, KaO> anc ^ ^(a*) have been suppressed in order to simplify the notation). It is 
convenient to choose T(JT) as follows, 

v / 2i/(/z)(.Aii0u)-iZ(/i)) 

where ^4n(/x) is the corresponding element of matrix «4(ju). Note that det(T(/x)) = 1 and 

T(/I)=^_ t0O I+C»(r(r)/2-^; therefore, det($ W KB^)) = 1 (since tr((T(£))-^T(£)) = 0). The 
domains in the complex /u-plane where Equation (68) gives the asymptotic approximation of 
solutions of Equation (57) are defined in terms of the Stokes graph. The vertices of the Stokes 
graph are the singular points of Equation (57), namely, J1 = and oo, and the turning points, 
which are the roots of the equation l 2 (Jl) = 0. The edges of the Stokes graph are the Stokes 

curves, defined as Re(/~ t TP Z(£) d£) = 0, where pt TP denotes a turning point. Canonical domains 
are those domains in the complex /i-plane containing one, and only one, Stokes curve and 
bounded by two adjacent Stokes curves. Note that the restriction of any branch of l(Jx) to a 
canonical domain is a single-valued function. In each canonical domain, for any choice of the 
branch of l(Ji), there exists a fundamental solution of Equation (57) which has asymptotics 
whose leading term as r — > +oo is given by Equation (68). Recalling the definition of 
(Equation (69)), one shows that 

1/3 ) 2 (M 2 + ( £ 6) 1/3 ) + (V (a - i) Vt)) t~ 2 A . (71) 

It follows from Equation (71) that there are six turning points: two turning points coalesce (as 

r^+oo) at M^ + e^T" 1 / 3 ), another pair coalesce (as r^+oo) at — — YO{t x / 3 ), and 

the remaining two turning points approach (as r^+oo), respectively, ±i(eb) l l % + 0(r -4 / 9 ). 
Denote by £q the turning point in the first quadrant of the complex /I-plane which approaches 

— hO(T -1 / 3 ) as r^+cx), and by Ji2 the pure imaginary turning point which approaches 

i^fr) 1 / 6 +0(r -4 / 9 ) as r^+oo. Denote by Si the part of the Stokes graph in quadrant one of 
the complex pt-plane which consists of the vertices 0, oo, Jli, and /I2, and the edges (+ioo, JI2), 
(0,/Ii), (//2,Mi), an d +00): the complete Stokes graph is the union of the mirror images 
of Si with respect to the real and imaginary axes of the complex /I-plane. 
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Proposition 4.1.2. 



f 1(0 



C+ i£^! ) Ve 2 + ( £ 6)V3 +r -2/3^ a _ M ln (^ 2 ^ + (£6) l/3 +2 £ 



+ 



a— - 



(ef>) 



1/6, 



In - 



V2 



I 



+ c 



-4/3 



-Of 



-4/3 



VC±i(e6) 1/6 , 



(72) 



Proof. Presenting /(,[/) = /(/i, r) = l(n, +oo)(l + A) 1 / 2 , where A := - ^(^ + ^') + °°' > > approx- 
imating (1 + A) 1 / 2 as 1 + ^A + 0(A 2 ), integrating by parts, and using the following integrals 
[31], fJ^+a? dx = xVx l +a " +4 Hx+Vx 2 + a 2 a ), f . . 2 d * = -k= ln(2J^Va x 2 + b x+c 



+2a x+6 ), and f- 

Jr. 



dx 



stated in Equation (72). 



V a x 2 +b x+c \/co 



jU l n ( ^v^ Va ^+^+c +b x+2c ^ ^ arriveg at regult 



□ 



Corollary 4.1.1. For /2 TP = ^^-+t~ 1 / 3 A, w/iere A = T _» +0 o O(r eo ), 0<e <i 



^2 

a/3 



jT KO ^ ^ ( M+ ^L- J V^T^ +r" 2 /3 ((a- 1) ln(2 V^T(^ + 2?) 



+ 



a— - 



i\ 2/l (r)\ / (-JI+v / 2(£6) 1/6 +v / 3\/aI 2 +(^) 1/3 )(fi- 



1/6, 



ln 



V2 



+ 



3V3 [eb) 1 ' 3 ^ ^ ^ ^ (v ^ +1)(eft)1/6 ^ _ 2 ^ r -2/3X2 

^)( 1 <^)- 1 ^ + ^nr) +0(T - 2 /3 ) . (73) 



-2/3 



2^3 



° 2y' + ( £ 6)V3 



Proof. Substituting into Equation (72) the expression for ^ TP given in the Corollary and 
expanding the result into a power series in A, one gets for the error estimate C(r~ 1 A 3 ) + 
0(t" 2 / 3 A- 2 ) + 0(t- 1 A). □ 

Corollary 4.1.2. For the choice ofJi TP given in Corollary 4.1.1, 



_ iT 2/3 



= -i r 2 V+ 



(A— »00 

arg /i — 



+ 



2^ 



( a _-) ln ^ + ^ 3 ^) 1/ ;(3V3-2) +2V 3 iX2 

(E ^)(" ,5 4 inT ) +cS ' KB+o(i) - (74) 



where 

pWKB , 
and 



\\ a In 

2 



2/ k) (r) V/ 3V2( g b) 1 / 6 < 



2V3VV 2/ (ebjVay ^ (V3+1) 2 



(75) 



-IT 



2/3 
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2hi 



{eh) 1 /*) 

where 



(lnA-ilnr)+C WKB +o(l), (76) 



C WKB : = i(a-;]ln 



Proof. Equation (74) is the large-/! asymptotics of Equation (73). Equation (76) is the 
small-/! asymptotics of Equation (73), but the branch of /(£) in Equation (76) is chosen 
differently than that in Equation (73). □ 

Corollary 4.1.3. For /2 TP = i(e6) 1 / 6 +r- 4 / 9 A, where A= T ^ +0C O(t €0 ), 0<e <§, 
^ 1(0 d£ t = +oo ^^^^^^(e^^+^Vs^.i^n^V^ + ^i/s +2 ~j 



\ (( i\ 2ho(r)\ ( (-^+v / 2( £ 6) 1 /6 + V3Vm 2 +(£?») 1/3 )(? 



(rf) 



V6, 



+ 2^VV a "2y + (e6) 1 /3; n ^(^V2( £6 )V6 + V3^ 2 +( £& ) 1 /3)(^(£^) J J 
+ 2V2r 3 / 2 (e6) 1 / 12 r- 2 / 3 A 3 / 2 -T- 2 / 3 (a-i)ln(2i( e 6) 1 /6) +^-2/3). (78) 



Proof. Analogous to the proof of Corollary 4.1.1; but in this case, for the error estimate, 
one obtains O(r- 10 / 9 A- 1 / 2 ) + O(r- 8 / 9 A 1 / 2 ). " □ 

Corollary 4.1.4. For the choice o//I TP given in Corollary 4.1.3, 



. ir 2/3 



r Z(£)d£ = -ifr 2 / 3 /2 2 + (a-i)ln/I N )-iT 2 / 3 (e6) 1 /3_2V2r 1 / 2 ( e 6) 1 /i2A3/2 

7-TP r r +oo V * ) 



fj,— *oo 
arg/i=^ 



+ i(o _i,( ln ((£^) + ? ) + (_l !( „_. )+ | S M) ln (^±l) +0 ( 1) . 

(79) 

Proof. Equation (79) is the large-/* asymptotics of Equation (78). □ 
Proposition 4.1.3. 

t(P)_= (^-^(^(/n 1 ))^))^ 3 , (80) 

arg /i— 

r (5 )_= +o ( ( ,(r))-i«(-L(_ (Ei) 1 rl/2 ( ^ 1/2 )+0(») <*r))K (81) 

Proof. Asymptotics (80) and (81) are obtained from Equation (70) upon choosing the 
same branches of l{Jx) as in Equations (74) and (76), respectively. □ 

Remark 4.1.2. The elements of the matrices 0(/t _1 ) and 0(/t) in Equations (80) and (81), 
respectively, as functions of r, behave like 0(1) as t^+oo. ■ 

Proposition 4.1.4. For 0< <5<> < e < §, get /t = (e ^. /6 +r~ 1/3 A ; w/iere A = T ^ +00 0(r e °) ; and 
arg A = 5(1— E\ = ±1. T/ien, 
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Proof. The result follows from the definition of T{n) given in Equation (70) and condi- 
tions (61) and (63). □ 

Proposition 4.1.5. For the conditions stated in Proposition AAA, 

diag((T(0)- 1 ^T(0)de = o(l)a 3 . (82) 

Proof. Using the definition of T(/T) given in Equation (70), one shows that the integrand 
is proportional to the ^-independent factor T>{t) :=4\/— a(r)b(r) + r ^P <y£ ^J l , '■ this factor, as 

Zj v £1(7" )0[T ) 

t^+oo, is o(l) due to conditions (61) and (63). □ 
4.2 Asymptotics Near the Turning Points 

For the calculation of the monodromy data, one needs a more accurate approximation for 
the solution of Equation (57) in the neighbourhoods of the turning points than that given by 
the WKB formula (cf. Equation (68)). For the pair of coalescing turning points (resp., single 
turning points), this approximation is known to be given in terms of parabolic cylinder (resp., 
Airy) functions (see, for example, [28,29]): more accurate statements are given below. 

Proposition 4.2.1. Set + t _1 / 3 A, where arg A G {0,vr} ; and |A| < T ^ +OQ O(r eo ), 

0<eo<g- Then, under conditions (60)-(64), for any fundamental solution of Equation (57) 
the following asymptotic representation is valid, 

*(/!) = AA(r)(l+O(r- e ))$ (A), (83) 
where 

e is some positive number, and v I / o(A) is a fundamental solution of 

d*o (A) 
dA 

with 



(4V3iAa 3 +(~ j))*o(A), (85) 



^_ i( £ 6) 1 / 6 (V3+l)(4n (r) + (V3+l)r (r)) 
P - 2^2 

i( £ 6)V6(V3 - l)(4«o(r)-(V3 - l)ro(r)) 



(86) 



q:= — 



2^/2 

Proof. Making the change of variables (\P, jl) — ► (\E r % A) in Equation (57), one shows that 

— r ^= ^ (^A + P ^ + (6(T))-5 CT 3 O ^ r -l/3X2^(5( r ))i-3^^(X), 



where 



"^-T®^ -iWr)-2). 

i( £ b) 1 / 6 (r(r)+2)T 1 / 3 4iV-a(r)fe(r) t 1 / 3 , 2i( £ fe) 2 / 3 T 1 / 3 ' 

M) •- I 2ib(r)r 1 / 3 ifc(r)r(r)( £ b) 1 / 3 r 1 / 3 i(gb) 1 / 6 (r(r)+2)r 1 / 3 
(eft) 1 / 3 + 2V-a(r)6(r) 
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Now, from conditions (61) and (63), one finds that 



(e6) 1 /2 

(_i{£6)V%(r) 2i( £ b) 2 / 3 M0 (r) 

2i&(r) / r (r)\ Kg^j^r) 

( £ fe)i/3 ^oir; -t- 2 j ^ 

where 

£:=0(ro(r)u§(T)T-i)+0(roM^ • 
Making the gauge transformation 

*"(A)=JS/*(r)*(A), 
where AA(r) is given by Equation (84) , one arrives at 

a$(A) 



<9A r-+oo 



^4V3iAa3+(~ ^)+ir (r)r- 1 / 3 A ( 73 + 8 CT - + o(T- 1 / 3 A 2 )^(A). 



From Equation (67), it follows that = T _ ++00 0(1). Since one of either p or q exhibits 
the power- like growth 0(t 6< >), the other decays like 0(t~ 6< >). Using the fact that (cf. Equa- 
tion (64)) 6^ G (0, §), A is real, and |A| ^^C^ ), one proceeds analogously as in [15, 22] 
to prove that 

$(A) = (l+O(r- e ))$ (A), 

T— >+00 v 



*o(A) = 



where ^o(A) is a fundamental solution of Equation (85). □ 
Proposition 4.2.2. A fundamental solution of Equation (85) is 

Z)_i_^2v / 273ieTA) D^^/zJZe'fk} 
3D2?-i-,,(2\/2V3ieTA) 5D^(^2v / 273exA^ ^ ' 

where 3d := (j5) _1 (<9^ — 4\/3iA), and !?*(•) is t/ie parabolic cylinder function [31]. 

Proof. Changing the independent variable according to the rule A = ax, where a := 
e~T ^2^2^) , one shows that * (A) := V{x) satisfies d x V{x) = (§ 0-3+ p * ))p(x), 
with (p*,q*) := (ap, ao), whose fundamental solution is [15,22] V(x) = ( a -1- "/^ a"/ X | J , 
where At(-z) := (p*) -1 (c?2.D*(,z) — ZD*(z)), £>★(•) is the parabolic cylinder function, and 

Remark 4.2.1. In the proof of Proposition 4.2.2, the matrix-valued function T>(x) is intro- 
duced. In Subsection 4.3, the following asymptotics of V(x) as \x\ -^00 are required (see, for 
example, [23]): 

V{x) x =^ {l+0{x- 1 ))^M^-{u+\)\nx\^'R k , fc = -l,0,l,2, 
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where 

/Vt("+i) \ _ _/ e"^ +1 ) \ 

""I -(^)-V' ° : "l-^r^ye-f(^) 
_/ e ^+D ^e^+DX _/ e ¥(H-D _v^ e ^ + D \ 

and r(-) is the gamma function [31]. ■ 
4.3 Asymptotic Matching as r^+oo 

Let be a fundamental solution of Equation (57) corresponding to (see Equation (83)) 

the function * (A) given in Proposition 4.2.2. Define Y§°(Jl) — t^ 1 / 12 ^ 3 ^ 00 ^ -1 / 6 ), w here 
yQ X, (-) is the canonical solution of Equation (55) (cf. Proposition 2.2), and 

Loo :=(*(/;))" 



Lemma 4.3.1. Lei conditions (60)-(64) be valid, and 

6(r)r-i Im(a) = 0(1). 

T^ + OO 

TTten i/iere exists > and <5oo > smc/i i/tai /or 



|Re(i/+l)| < <S°, (89) 

T— >+0O 



+ 

where TZq is defined in Remark 4.2.1, and 

== (-|(a-^+2(z,+ l))ln2+^(z,+ l)ln3+i(i(a-^+(^+l))ln( £ 6) 

+ (i(a-^-2(i/+l))ln(V3+l). (91) 

Proof. Denote by $wkb(m) the solution of Equation (57) which has WKB asymptotics 
(68) in the canonical domain containing the Stokes curve approaching the positive £t-real axis 

from above as /I— >oo. Rewriting as L OQ = ((*(/I)) _1 * W kb(aO) ((*WKb(^))~ 1 ?o 00 (^)) > 
and noting that the members of the pairs in parentheses are solutions of the same equation 
(Equation (57)), they differ by right-hand, /I-independent matrices: the latter matrices are 
calculated by taking different Ji limits (ju^+oo and Jl^ (eb) 1 ^ 6 /^/2). More precisely, modulo 
factors that are (I+0(t- s )), for some 6>0, 

= ((AA(r)$o(A))- 1 T(/2))(($wKB(/I))- 1 ?o 00 (^)), 

T^ + OO s v ' s v / 

A~t«o, argA=0 j2-+oo, arg^=0 
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where N(t) and \&o(A), respectively, are given in Propositions 4.2.1 and 4.2.2 (see, also, 
Remark 4.2.1), T(/T) is given in Proposition 4.1.4, ^wkbCaO is denned by Equation (68) 
(with T(JT) given in Equation (80) and the phase-part of the WKB formula estimated in 

Equations (74), (75), and (82)), and Yq°(-) is defined in the beginning of this subsection. The 
additional conditions (88) and (89) are necessary in order to guarantee the power-like decay, 
0(t~ 5oc ), Soo >0, of the off-diagonal entries of given in Equation (90). □ 
Define X$(p) := r^ 1 / 12 ^ 3 X^JIt' 1 ^), where Xg(-) is the canonical solution of Equa- 
tion (55) (cf. Proposition 2.2), and 

L :=(*(£)) ^^(Jl). 

Lemma 4.3.2. Under conditions (60)-(64) and (89), there exists e°>0 and 5o>0 such that 
for 

|Re(^+l)| < e°, (92) 

T— >+00 



where IZ2 is defined in Remark 4.2.1, and 
£ WKB :=(4(a-£)+(^+l))l^ (Q4) 

Proof. Denote by ^wkb^) the solution of Equation (57) which has WKB asymptotics 
(68) in the canonical domain containing the Stokes curve approaching the positive /I-real axis 

from above as ju— >0. Rewriting Lq as Lq = ^(^'(/I))~ 1 ^'wkb(^)^ ^(^wkb^)) -1 ^^)^ arid 
arguing analogously as in the proof of Lemma 4.3.1, one can estimate Lq by taking different 
limits (// — >+0 and (eb) 1 / 6 /^/2). More precisely, modulo factors that are (I+(D(t~ 5 )), 
for some 5>0, 

L = ((AA(t)^ (A))- 1 T(/I))(($wkb(^)~ 1 X (/I)), 



T- 



A~t £ °, argA=?r p-+0> arg^t=0 

where 7V(r) and v &o(A), respectively, are given in Propositions 4.2.1 and 4.2.2 (see, also, 
Remark 4.2.1), T(p) is given in Proposition 4.1.4, ^wkbCaO IS defined by Equation (68) 
(with Tijx) given in Equation (81) and the phase-part of the WKB formula estimated in 

Equations (76), (77), and (82)), and Xq(-) is defined in the paragraph preceding Lemma 4.3.2. 
□ 

Theorem 4.3.1. Under conditions (60)-(64), (88), (89), and (92), the connection matrix G 
(cf. Equation (28)) has the following asymptotics, 



G = 

t^+oo 



/ ie -2vri(..+i) v ^y c ( Z2 - Zl ) v^(e6) 1 /V2+ N /3e- 2,ri (''+ 1 )e( z 2+*i) \ 

(eb) 1 / 4 p*Vb(7)r(u+l) 

(l+0(r- 5 )), (95) 
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where 

Z2-Z1 :=i(e6) 1/ V/ 3 + |lnr+i(a-^ln2-^a-^ln(e6) + (^+l)ln^^^^ , (96) 
Z2+Zl := (3v^-l)i( e 6) 1 /V/ 3 +Q(^+l)-iVr+i(i/+l) + |(i/+l)In3 



+ V _i V a ~2j +2( ^ +1 V ln2+ 6 V\ a ~2j +2( ^ +1 V ln(£6)+ V V°~2 

<97> 

and5>0] in particular, G= T — t ^. oc 0(1). 

Proof. From the definition of G (Equation (28)), L^, and Lq, one arrives at G= (Lo) _1 Ax> : 
now, via straightforward calculations, the result stated in the Theorem is a consequence of 
Lemmae 4.3.1 and 4.3.2. □ 

Remark 4.3.1. It follows from Equation (28) that det(G) = 1: one shows, via the well-known 
identity F(z)T(l — z) = si ^ 7rz , that asymptotics (95) is consistent with this fact. ■ 

Corollary 4.3.1. Let gij, i,j = 1,2, be the matrix elements of G. There exists e u > such 
that for 

I arg(#ii5r 2 2) \<e v , 9n9i292i922^0, (98) 

the functions b{r), ro(r), uq{t), and ho(r) have the following asymptotic representation, 

b(r) = - 5 2 lV ^e 4 ^ +1 )expf-2fi(e6) 1 / 3 r 2 / 3 + ^lnr+if'a-AV n 2 

r^+oo V V " \ 2 J 

-K"-5) M£t,+( ^ 1)ln (^i) +0 H))' <99) 

r ^) T = +00 3 i/4 ( et)i/V sinh^lnx-2 7 ri^+l) + -ln(2+V3)+iy+z n+0 (r^)j, (100) 

y ^ZLi 

"»< T ' r _%, 3l/4^) e i/6 C " h ('" 5 '- ^K" + l)+iy + ~n + «(T- S )) , (101) 



where 



x :- 



ff22ff2ir(-(l/+l)) 



3nffi2r(i/+i) 



1/2 



y := - ar£ 



1 /5MS2ir(-(i/+l)) 



2 "V 5ii5i 2 r(i/ + l) 



z„ :=3V3i(e6) 1/3 r 2 / 3 + ^(^+l)lnr+^ + 2(z/+l)ln2+^^+l)ln3 
+ i(^+l)ln( e 6)+ialn^^±i^, 

and e) >0. 

Proof. Multiplying the diagonal elements of G (Equation (95)), one arrives at 



(v+l) = ^Hg 11 g 22 )(l + o(T- 5 )) : (103) 
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taking conditions (89) and (92) into account, and setting e u := 2ir min{e^°, e°}, one obtains 
the first of conditions (98). Equation (99) is obtained from the (1 l)-element of G. From the 
definition of p* and q* given in the proof of Proposition 4.2.2 and Equations (86), one obtains 

4e'T ( p * q * \ e -T / V3-1 » y^+l A 

Using the second of conditions (98), p*q* = — (^ + 1) (cf. Equation (87)), and the identity 
r(— v) = — (i/+l)r(— one deduces, from the second, respectively, first, column of G, 
the following representation for p*, respectively, q*: 



p* = -iV2vr(2+\/3) — 



g 12 T(v + l) V2 + >/3s2ir(-(i/+ 1))' 

Substituting the latter formulae into the relations for ro(r) and uq(t) given above, one obtains 
Equations (100) and (101). Equation (102) is a direct consequence of Equations (87) and (103). 
□ 

Proposition 4.3.1. Let G be the connection matrix of Equation (55) with t -independent 
elements satisfying conditions (98). Then the corresponding isomonodromy deformations have 
the following asymptotic representation, 



V-o(T)Mr) rJ j M ^^ + ^i^f^cosh(ln£-2m( 1 /+l) + iS+ 3 „+o(T-' ! )) , (104) 

*M ^ " T + i 'T3^ e¥ (^ si "''('" s - M( - +1) 4'"( 2+ ^) 



+ iy+z ra +o(^r- 5 jj-cosh(^lnx-2m(^+l)+iy+z n +o(^r- ,5 jjj , (105) 

*<*M » + oo - T- ' ( Ts^ ,V (V2Binh(lnx-2,i(, + l) + ll.(2 + V3) 

+ iy+z„+o(r" <5 ))-cosh('lnx-27^i(^+l)+iy+z n +o(r" ,5 ))) , (106) 



C(r)d(r) ^oo^f-^ W 4 cosh ( lng ~ 2 ^ (zy+1)+i ^ + "" + °( T '0) ' (1 ° 7) 
one? 6(r) is given in Equation (99). 

Proof. If the elements of G are r- independent, then any functions whose asymptotics 
(as r -> +oo) are given by Equations (99)-(102) satisfy conditions (60)-(64), (88), (89), 
and (92); therefore, one can now use the justification scheme suggested in [24] (see, also, 
[26]). Equations (104)-(107) are obtained from Equations (62), (63), (65), and (66) by the 
direct substitution of Equations (100)-(102). □ 

According to Proposition 1.2, u(t), the solution of the degenerate third Painleve equa- 
tion (1), can be written in terms of the functions a(r) and 6(r) as 



u 



(r)=er 1/3 v / -a(r)6(r), e = ±l 



(cf. Equations (56)); therefore, the result (as r — > +oo) stated in Theorem 3.1 follows from 
Equation (104). 

Comparing Equation (37) with Equation (62), and taking into account Equation (56), 
one shows that 

H(t) = 3 ( £ b) 2 / 3 r 1 / 3 -4fe (r)r- 1 /3 + ( a ~ i /2) 2 . 

T^ + OO 2T 

now, the asymptotics of H{t) given in Theorem 3.1, Equation (40) follows from Equations (87) 
and (103). 
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5 Calculation of the Monodromy Data as 

In this section, the first equation of System (4) is studied asymptotically as r — > +0 under 
specific conditions on the elements of U(A,r). Fundamental solutions of this equation in the 
neighbourhoods of the essential singularities (0 and oo) are approximated in terms of Han- 
kel and Whittaker functions: this allows one to calculate, asymptotically, the corresponding 
monodromy data. 

Denoting by Uq and Vq the following matrices, 



„ ( ■ oi 1/0 C\\ ir fy/^AB A 

y~ 1(T3 ~ 2rA a3 ~~ A \D oJJ' V ° = 2aH B -^AB 

the first equation of System (4) can be rewritten as 

<9 A $(A) = (U +V )$(A). (108) 

Proposition 5.1. Consider 

d A W(A) = U W(A). (109) 
A fundamental solution of Equation (109) is given by 



e * 



where 

x i: =i(l-ai), f : =jS-^, j:=tC, 5:=tD, (111) 

andW+ p{-) is the Whittaker function [31]; moreover, det(W(A)) = l, and 

Proof. Rewriting Equation (109) as a system for its components, one deduces from it, for 
(W(A))n and (W(A)) 22 , the Whittaker ODE: then, (W(A))i 2 and (W(A)) 2 i are obtained 
from the latter system by applying certain identities for the Whittaker function. □ 

Proposition 5.2. Let ei > 0, i = 1,2, and the parameters of Equation (108) satisfy the 
following restrictions: 

|Im(a)|<l, p = 0(1), Ar 1+ia 

(113) 

Br 1 -'" ~ t €1 , \C\ > \A\r~ e \ \D\ > \B\r- €1 . 

Then there exists a fundamental solution of Equation (108) which has the asymptotic repre- 
sentation 

*(A) r = +o W(A)(l +0 ((l) S ')), (114) 

A>e 2 , argA = V V 7 ' 

with Si >0. 

Proof. Follows from a successive approximations argument applied to Equation (108). □ 
For the purpose of approximating the solution of the first equation of System (4) as A^0, 
it is convenient to rewrite it as 

d A $(A) = (Uo+Vo)<t>(A), (115) 
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where 

~ / oi 1/0 (A i /V^AB A \\ ~ 

Uo = T V"^a" 3 "aU oJ + 2A^V S -V^Ab))> V o = -ira 3 : 

this equation is compared to the following model system, 

d A 23(A) = U <B(A). (116) 

Proposition 5.3. The fundamental solution of Equation (116) can be written as follows: 

u>/iere 

»n(A) = 



with 



u s ■ 2B 7 I / . 26V-AB 2 _ 2 , 110 . 

yT(r):=-i/ +ai+ _!_ , yHr):=-i/ -ai+ , f 2 :=4/> 2 , (118) 

\J —AB d 

and H+\'), j = l,2, the Hankel functions of the first (j = l) and second (j = 2) kind [31]. 
Furthermore, det(*B(A)) = 1, and 58(A) /tas £/ie asymptotic expansion 

/ ir l/4 A -l/4 



£1 r tU (%-!)-!) ) V=AB ( r l(_.\ (4K-1) 2 -1) 



■VB( y T( T )- (^-^) )-^g -Vb (i( T ) - 



1£- 



bVB 



Proof. Defining the functions by 53 (x) := 0^$j^(x), where x := ir/A, 0° = 

^ ^ i ) j and ^? = ( q ) > one arrives at 
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Consider, for example, Equation (120). Rewriting it in component form, one obtains (modulo 
the change x^> (— iebx) 1 / 2 ) for them the Bessel equation. Choosing 

($; 0) (A)) ^ = c 21 Hl? (v^)A) and (^ 0) (A)) ^ = c 22 H^ (V^rlb)Jx) , 

where c 2 i = - '^^'"T^ > , c 22 = -^^#=J^, and #i j) (-) are the Hankel func- 
tions of the first (j = l) and second (j = 2) kind, one obtains 



^ (A) ) n = ^ ( ?T (T) ^ } (^V 1 ) + ^A <-i (v^A) ) 



and 



from the corresponding component equations of Equation (120) and the identity zd z H*\z) = 

- * H { k ] \z) + zH i f} l (z), j = l,2. The components (3>i 0) (A)) 2 i and ($| 0) (A)) 22 are chosen in 

such a way that the leading term of asymptotics of 25(A) as A^+0 (Equation (119)) matches 
with the canonical asymptotics given in Equation (16): to verify this, one uses the following 
asymptotic expansions for the Hankel functions [32], 

H m (z) _ /A e »-?-i)f 1+ '(^-D +0 /i 

| arg 2 1 < 7r 

z^cpo V vrz V 82: V z z 

| arg 2 1 < 7r 

Noting that det (25(A)) = det(<I>| ' ) (A)) and the trace of the coefficient matrix of Equation (120) 
is zero, one shows that det (25(A)) = const.: one proves that const. = 1 by calculating det (25(A)) 
as A^+0 by means of asymptotics (119). □ 

Proposition 5.4. Let < e« < 1, i = 3,4. If the parameters of Equation (115) satisfy the 
restrictions 



and either 



or 



v = 0(1), \AD+BC\ > V^AB t" £3 , (122) 

r _ e3 < ^bcl < m (123) 



£/ien i/iere exists a fundamental solution of Equation (115) which has the asymptotic repre- 
sentation 

*(A) r = +Q 25(A)(l+o((rA) 5 )), (125) 

0<A<e 4 , argA = 

with some 5>0. 

Proof. Consider, for example, the restrictions (122) and (123) imposed on the coeffi- 
cients of Equation (115). Consider the transformation $(A) = 0?$-f (A), where $ is defined in 
the proof of Proposition 5.3. Note that, under the assumed conditions, (</>9) _1 Vo</>2 = r ^ +0 

0<A<£ 4 

0^T _e (<^) _1 Uo</>^ , with some e^e > 0: now, using a successive approximations argument, 
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one shows that $ T (A) = r ^ +0 < £t 0) O)(1+o((tA)' 5 )). For the restrictions (122) and (124), 

0<A<e 4 , arg A = 

one proceeds as above, but, instead of for $t(A), for the function &i(X) = (0° ) ~ 1 ( A) , where 
4>® is defined in the proof of Proposition 5.3. □ 

Lemma 5.1. Let 0<e<l, 



P + o, 



|Re(p)| < -, 



+ \A/j\ > (|B7|+e>(l))r 2 - 4 l Re ^l, 



v /= AB 



+ 
+ 



AS 
B/8 



> (|B7| + 0(l))r 2 - 4 l Rc ^l, 



> 



^?|+0(l))r 2 - 4 l Rc ^l, 



V^AB +I-B7I > ( As\ + 0{1))t 2 ^ Rc( ^, 



7 



r 2 



tE+0 ^ ' 



VBrf 



^+0 V 



2+2|Re(p)|+e 



)• 



Then, under conditions (113), (122) and (123), or (113), (122) and (124), the connection 
matrix, G (Equation (28)), has the following asymptotics (gij :=(G)ij, i,j = 1,2), 



5ii 



E 



. i=±i 



2 ^+i e T(r(2/p)) 2 r- 2 ^(2r)fe-f/p 
/^6(e6)^(/p+f)e^r(^+f) 



ai 



B[lp+- - 



8\f^AB 
x/B 



+ or 



-5i 



912 



921 



\Z=±1 

= „ f- E 



l + o(r 

■ > 77 i / 1 > 



5 2 



(126) 



2^+ 1 e^ £ (r(2/p)) 2 r- 2 ^(2r)-f e -fZp 



+ 



/rrife (eb) l P(lp- f ) e 2 ? r (ij?- f ) 



S7- 



v /z AB 



~ 01 



l+o r 



(127) 



l = ±l 



922 



++0 
+ 



7T£. 

1 + o[t 52 



^(r(2^)) 2 T- 2 ^(2r)fexZp / 
b{eb) l P{lp+^)e^T(lp+^) \ 

*)). 

/_ ^ 2^+ 1 e-^(r(2;p)) 2 T- 2 ^(2r)-fe J f;p 
V S v^(£6)^(/p-f)e^r^-f) 

o(t*))(i + o(t*)), 



5 



ai\ 5V-AB 



(128) 



B7- 



ai 

^2 



(129) 



u«i/i 5,->0, 3 = 1,2. 



Proof. Consider, say, the derivation of the results for G corresponding to conditions (113), 
(122) and (123): the derivation for the case corresponding to conditions (113), (122) and (124) 
is analogous. For this purpose, the results stated in Propositions 5.1 and 5.3 are applicable; 
therefore, 

G'^= +o (l + ((TA)^))(<B(A))- 1 W(A)(l+o((r/A) 51 )) , (130) 

with Sj > 0, j = 1,2. This formula allows one to calculate G to the desired order by taking 
(real) A in the finite domain €2 < A < t\ and applying small-argument asymptotic expansions 

of the Whittaker and Hankel functions. Towards this end, one notes that [31] H^\z) = 
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(2/ttz) 1 / 2 exp(-i(^ + f))Wb,*(-2Ls) and H? ] (z) = (2/irz) 1 ' 2 exp(i(f + f ))W 0l *(2U); hen- 
ce, as a consequence, one needs the small-argument asymptotic expansion of the Whittaker 
function: 

2 

WW*) 2 = Q ^ 2 ^^^(z 1 ,Zz 2 )^+o(^-l Re ^)l), (131) 

argz|<7r fc=0/=±l 

where 

^_ T(-2lz 2 )z lz2 w 1 (z 1 ,lz 2 ) _ 1 (/z 2 -zi + ±) 

Wl, ^ ; ~r(H*»-*i)' M*iM~ 2 + (2/z 2 +i) ' 

W 2 (zi,lz 2 ) _ 1 {lZ2~Z\ + \) jlZ2-Zl + \){lz 2 -Zl + \) 

w (zi,lz 2 )~8 2(2lz 2 + l) 2(2lz 2 + l){2lz 2 + 2) 

The latter expansion is obtained by using a representation of W zliZ2 (•) in terms of the confluent 
hypergeometric function [32], *(q, /3; z) :=£~ 7jfeS : 



X Z 



- 222 *(-z 2 -zi + i,-2z 2 + l;z)) . (132) 



Consider, for example, gn := (G)n; the remaining matrix elements are estimated analogously. 
From Equations (130) and (131), and the duplication formula for the gamma function [31], 

r(2x) = ^-T{x)T{x + \), one shows that g u = T ^ +0 ((5ii)o + (3ii)a + A£h)(1+o(t< 52 )), 
S 2 > 0, where 

_ 2^e^(e6)-^(r(2^)) 2 r- 2i V 2 T(2r)T e -T 
i9u)o ~ ki 4^5r(/p + f) 

4B 7 \ / /h SV-AB \ 2ieb\fB~\ 



(-4^+-^) 



2 3l Pe^(ebr r P\ 2l ?T(lp)T(-lp)e-^(2T)fe-f 

ign)A : " ^ 4V^r(-/p+f) 

x -4ip+2ai+-=^= -VS+-p=7 T - . 

A£ n :=T 2 +f £ £ ff " f afr (l 2 )VB + °± (^Egg + a 2 fe)i^7 
,.-,u„_ii V v-B V-AB 



l 1=T ,M 2 =±l 
a^/B] 
V^AB )' 

with a^(l 2 ), fc = 0,l,2,3, h=T,X, Z 2 = ±l, some 0(1) coefficients (only the structure of A£n 

is essential). Recalling that p 2 :=7<5 — a 2 /4 (Equation (111)), it follows from Equations (13) 
and (14) that (<?ii)a = 0. Using the restrictions stated in the Lemma, one estimates A£n as 
o(t Si ), Si > 0. Finally, Equation (126) is obtained after simplification of the expression for 
(<7n)o upon using Equations (13) and (14), and the definition of p 2 . □ 

Lemma 5.2. Let 0<e<l ; 

a t^O, and p = (=zv o = 0). 
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Then, under conditions (113), (122), (123), and 



max< 



max 



{|V=a|,|7>/I|} 



> r 1 6 max 



7 



5V^A 



:{\VB 

or conditions (113), (122), (124), and 



> t 1 e max< 



'-A 
1 



j 2 B 



—A 



-A 

Bj 



-A 



maxi 



SV^A\\ > r 1 e max 



{ 



max||\/— A , 7a/b|| 



> r 1 e max< 



1 



the connection matrix, G (Equation (28)), has the following asymptotics (gij := (G)ij , i,j 
1,2), 



5ii 



(f^ + «g)(4, (1 ) 
2mr) y= I ( l+o[T d 



7T1 



-V>(f )+ln2+ — -ln(e6) 



512 



a 2 /B 

(2r)"t e - 2 T : e"^ U^J-AB 2ijy/B^ 



(133) 



4^(l)-V(-f )+ln2 + ^-ln(e6) 



37ri 
~2~ 



- 21nr)- 



47\/S N 



l+o (r 



(134) 



521 



, , ai 7ra i7r 

(2r) 2 e 4 e 4 



1--+0 ^r£oT(§) 



5+^^)(^(l)-^(f)+ln2-^-ln( £ 6) 



522 



(2r)"T e - 2 r e i 4 I U^J-AB 2v)\fB^ 



(135) 



7T1 



4^(1)- V(-f )+ln2- — -ln(eb) 



(136) 



where i>(z) := A lnT(z) zs i/ie psi function, = —0.57721566490 .. . [31], and <5>0. 

Proof. One proceeds as in the proof of Lemma 5.1; but, since p = 0, the following repre- 
sentation [32] for the Whittaker function (instead of Equation (132)) is used, 



W Z1 , Z2 (Z): 



. 1 )2 22 ^ 2 +i e -f 



T(\-z 2 -zi) T(\+z 2 -zi) 



E Ti ?l k ,^ ) (t:/. + l. T -.^. J + /.--l, 



vfc=0 



k\{2z 2 + k)\ 



+ i)-lnz)z* + (-z)-^ 2 g r (2.2-fe)r ( fc-, 2 -, 1 + l) ( _^ fc j 

fc=0 



Degenerate Third Painleve Equation 



29 



|argz| < 3ir/2, 2z2 + 1 £ N, and, when Z2 = 0, the second sum in the above expansion is 
equal to zero. The following identities for the Whittaker and psi functions were used [31]: 
W r o 1 -i(-) = Wb 1 i(-),^+l) = V'W + ^and^(i)=^(l)-21n2. ' " □ 

Proposition 5.5. Let G be the connection matrix of Equation (55) with r -independent el- 
ements satisfying conditions (43), and p(z\,Z2), Xi(<7; z$) := Xi(<?(0) 0); Zs) and xi{g\ Z4) := 
X2{g(0, 0); Z4), where gij(0,0)=gij, i,j = l,2, be defined as in Equations (46) and (47). Then 
the corresponding isomonodromy deformations have the following asymptotic representation, 



x (i + o(t j )) , (137) 
x X2(5;-p)r^)(l + o(r' 5 )), (138) 

7ra 

x (l+o(r 5 )) , (139) 
?\/-AB ie^(2r)~^ 



-p+^jp(a,p)xi(g; p)t 27> + (V+|^p(a, -p)xM -p) 



x r- 2 ^(l+o(r*)) , (140) 

7ra 

(Trip 2 / ^ ^\ 

^ = +q (p(a, j5) X i(s; P)r 2p +p(a, -p)xi(si -p)r~ 2p ) 

x ^(-0,^)6-^x2(5; P)r 2? +p(-a, -p)^P X2 (g- _j5) r - 2 ?)(l+o(r*)) , (141) 

^. =rC ((-p-f)p(-a,p)e- i ^X2(g;/^+^ 

7 ' T r^+o (2r)- ai (p(a,p)xi(ff;p)r 2 P+p(a,-p)xi(5;-p)r- 2 ^) 

x , (142) 

? . =rjD ((-p+f)p(a,p) Xl (g;p)T 2 ^+(p+f)p(Q,-p)xi(ff;-p)r- 2 ^) 
r^+o (2r) ai (p(-a,p)e- i ^X2(5;p)r 2 ^+p(-a,-^)e i ^X2(5;-p)T-^) 

x (l+o(r 5 )) , (143) 

with 5>0. 

Proof. Algebraically inverting Equations (126)-(129) and using the well-known identities 

for the gamma function [31] T(2z) = 2 '^- 1 F(z)T(z + ^) and T(^ + z)T(^—z) = cos | r 7rz ) ; one 

obtains Equations (137)-(143). It is easy to verify that the system of Equations (137)-(143) 
is compatible. Assuming that gij, i,j = l,2, are constant, p^O, and \He(p)\<l/2, one proves 
that any functions A, B, C, and D with asymptotics (137)~(143) satisfy restrictions (113), 
(122), (123), (124), and those given in Lemma 5.1; therefore, one is now in a position to use 
the justification scheme suggested in [24] to complete the proof. □ 

Proposition 5.6. Under the conditions of Proposition 5.5, 

cos(27rp) = +Q cos(27rp)(l+o(r 5 )) , (144) 
where cos(2-7rp) is defined in Equation (44), and 5>0. 
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Proof. One recalls from Equations (111) that p 2 +a 2 /4 = 7 5. Substituting the asymptotic 
expressions for 7 and S given in Equations (142) and (143) into this relation and simplifying, 
one shows that 

(p-^)p(a,p)P(-a, -p)e iu? Xi(5;p)X2(5; ~p) 

ai\ , _ , _ _ w * _ _ _ _ / , 



+ ^+^-Jp(a,-p)p(-«,/o)e~ 17rp xi(ff;-p)x 2 (ff;p) r = +0 °(/J > 5>0 > 

with p(zi,z 2 ), Xi(5l^3) :=Xi(<?(0,0);z 3 ) and ^2(5; ^4) := X2(<?(0, 0); z 4 ), where £^(0,0) = 
i, j = 1, 2, defined in Equations (46) and (47). Applying to the last formula the gamma function 
identity T(z)T(l — z) = si ^ 7rz , one arrives at 

,27rip , „ „ n „-27np\ 



+ 



e 17rp (igiigi2-ig2ig22+gng22e p +gi2g2ie 
" sin(7r(p+f)) " 

e" 17rp (i5'ii9 , i2-ifl , 2i5'22+5 f ii5 f 22e" 27rip +5i25 f 2ie 27rl? ) 



sin(7r(p-f)) r^+o 



Now, using trigonometric identities and the fact that <?ii<7 22 — gi 2 g 2 i = 1) one obtains, in the 
case <7ii<?22 7^0, Equation (144), where cos(27rp) is defined in Equation (44): the second relation 
of Equation (44) is a direct consequence of Equation (33). □ 

Proposition 5.7. Let G be the connection matrix of Equation (55) with t -independent 
elements satisfying conditions (49), and Q(z), Xi(9i z s) := Xi(<?(0> 0); z$) and X2(g] Z4) := 
X2(s(0, 0); Z4), where gij(0,0)=gij , i,j = l,2, be as defined in Equations (51) and (47). Then 
the corresponding isomonodromy deformations have the following asymptotic representation, 

yJ-AB iVe6r(-^)e¥ / _ / ai , A vra / « i.\ 

-w ^ 2V? ; 2r ; j f (»® °) ( i+ 2 + t (^ eT 

- aix 2 (5;0)lnr)(l+ O (r 5 )) , (145) 

iv / e6T(-f )a 2 e^ / ^ i7r / i* i*\ 

7 = , 5 X2(ff; 0)Q(-a) + - 3 ff22 e-- - 5l2 e- 

r ^+° 8V7r(2r) _ 2- V 2 v y 

- 2 X2 (5;0)lnr)(l+o(V)), (146) 

^ r = +0 " 2 ^ )f (xi® 0) (l- T Q(«) J +T (toe-T - JtaueT) 

+ ai X i(5;0)lnr)(l+ O (r 5 )) , (147) 

Jv 73 ^ i v / i6r(f)a 2 e^/ Itt / «\ 

775— = ^_\ 2 \ ai Xi(ff;0)Q(a) + -(ff2ie ^-3 5ll eT 

V-B r ^+° 8 v / i : (2r)^ V 2 v y 

- 2 Xl (5;0)lnT)(l+o(r 5 )) , (148) 

z — — — ebe~ ( ( oi„, ,\ to/ ^ ivr\ 

^ ^=+0 2asinh(^) ° } 2 Q(a) J+tO 7216 ' 5lie / ° } 

x lnr) ^2(5; 0) ^l + ^Q(-o)^ +^ (j^eT -3 522 e-^) -aix 2 (5; 0) In 
x(l + o(r 5 )), (149) 

j:=tC = 



7ra(2r) ai 1 


/ 17T 17T \ 

'x2(s;0)Q(-o)+f (3 g 22e-T- ffl2 eT)- 2x2 (g ; o)lnr 


1 


2(r(f))%i„h(^) , 


(xi (P)(l-fQ(a))+ffeic * -Spue* )+ai X i (ff;0) In r j 
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5:=tD 



(150) 



a3(r(f)) 2 sinh(^) 1 


^Xi(9;0)Q(a)+if (g 2 ie-T-3 gil eT )-2 X i(s;0) lnr 


1 


8?r(2r) ai 


^X2(9;0)(l+fQ(-a))+^(g 12 cT-3 9 22C-T)_aix2(9;0)lnr") 



(151) 



wrai/i 5 > 0. 



Proof. Follows from Lemma 5.2 in a manner analogous to the proof of Proposition 5.5. □ 
Now, one can complete the proof (as r^+oo) of Theorems 3.4 and 3.5. The asymptotics 
for u(t) given in Theorem 3.4 (resp., Theorem 3.5), Equation (45) (resp., Equation (50)) 
follows from Proposition 1.2 (u(r) = erV— AB, e = ±l) and Proposition 5.5, Equation (141) 
(resp., Proposition 5.7, Equation (149)). To get the asymptotics for H(t) given in these 
Theorems, one uses the second relation of Equation (37), where u'(t) is calculated via 

u > ( r ) = ^ + 2er(AD -BC), 

T 

and: (1) in the case p/0, Equation (44) and the following identities, 

p(a,p)p(-«,-p)e^+ - )" 1*^ =0, 
p 2 sin(7r(p+f)) 

e mp xi(g;p)x2{g;-p) e- 17Tp xi(g;-p)x2(g;p) _ Q 

sin(7r(p+f)) sin(7r(p-f)) 

e mp xi(g; p)x2{g; -p) e~ lnp xi(g; -p)x2(g; p) 



7ra 



sin(7r(p+f)) sin(7r(p-f)) 
and (2) in the case p = 0, Equation (49) and 



= 4ie 2 



^}(z+l)=ip(z) + — , ■if)(l — z)=if)( K z)+ir cot(7rz). 



6 Transformations 

In this section we collect Backlund transformations and Lie-point symmetries for Equation (1) 
and System (5). To apply these transformations for connection results, we consider their 
actions on solutions of Systems (4) and (12) (<£ and VP), and the manifold of monodromy data 
(M). 



6.1 Backlund Transformations 

The Backlund transformations for System (5), as well as for Equation (1), can be constructed 
in a standard way via the Schlesinger transformations for the first equation of System (4) 
[11-13]. For the degenerate Painleve V equation (equivalent to the "complete" third Painleve 
equation), these transformations (with a parameter 9 = ±1) were constructed in [18]; however, 
as noted in [18], these formulae are also applicable, without modification (simply set 9 = 0), 
to the degenerate Painleve III equation. For the reader's convenience, the latter formulae are 
given below. The set of Schlesinger transformations forms a group which acts covariantly on 
the set of solutions of System (4) : 

$!(A,r) = ^(A,r), 

where 3>i(A,t) is the solution of System (4) with some functions A\(t), -E>i(t), Ci(t), and 
.Di(t), respectively, in place of A(t), B(t), C(r), and D(t) for 3>(A, r). For System (4), the 
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group of Schlesinger transformations is a free cyclic group with generator Dii^ 1 : 

2ir , — — — „ D , — — — , — — — iebD „ 2\tA 



D 1 1 2ir 1 L ' 11 2tB' 1 ^AB'' 

_B_ D 



l+ai+-== , V-^i-Bi = V-AB+ — — - 



iai = ia+l, m (t) = - g ^ ^ (r(— u'(t) +i6) + (2oi+ l)tt(r)) . 



The inverse transformation of is 

C i - A „ „ 2ir > . - A C A r5C 

^i = - — V-AiBi, Si = — V = AiBi, Ci = — + — ^ 1-ai- 



2ir v 1 1 C v 1 x ' 1 2ir'2ir 2 V V /Z AB / ' 

2ir5 , - - r — 1 d f tBC 
Di = V-AiBi = V- AB — 



v^AB' 2rdrVv / ^AB/' 
iai = ia-l, Mi (r ) = - (r {v! (r) + ib) + (2ai - 1 )u{r ) ) . 

Denoting v n (r) =u n (r)/r, n£Z, where u n (r) is the general solution of Equation (1) corre- 
sponding to the coefficient a:=ao — in, one arrives at the following differential-difference and 
difference equations: 

^■v' n = v n (v n+ i-v n -i), vl(v n+1 +v n - 1 ) = -^(b+2(a -m)v n ). 

The first one is the Kac-Moerbeke [33] equation, whilst the second should be equivalent to 
one of the so-called difference Painleve equations. Consider the function f n {r) =p n (r)g n (r)/2, 
where the functions p n {r) and q n (j) solve System (11) for a = aQ — \n and e\ = — 1. One finds 

that / n (r) = ^-v n+ i(r)f n (r) := ^-^(r). Using, now, the above equations for the function 
v u (t), one proves that 

2/n (/n+i + fn + (i«o + n + 1 ) ) (f n + /„_ 1 + (ia + n) ) = lebr 2 , 

and 

ieb\ 2 d 2 \ng n 2 

dr 2 = A g n - = 9n+l+9n~l-^9n- 

The last equation for g n =g n {j) is a form of the Toda chain equation. 

The double iteration of 3£i,2 (with abuse of notation, &5 = IRi i 2 ° ^1,2) reads 

%,-(° °Y+( ^ *- 1+ai B 



/ — r-Fr / — TTT T BX , — — - , — — 1 d (tB\ 
=-V-AB+ — , V-A^i = y /-AB+ — —l — J , 

=^CS-, B 1 = {2t)- 2 (aD 2 -tX(tBX-2DV-AB)^J , 



D 2 ' 



1 Note that there are two misprints in [18]: (i) the factor which appears in the (2 2)-element of the 
right-most matrix of Equation (6.2) should be changed to —DA; and (ii) the function W which appears in 
Equation (6.4) should be changed to W = ±±«i-^. 
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Ci = -^-, Di = (2t)- 2 (CD 2 +2DV-AB - (tB+D)X^J , 

iai =ia+2. 



The inverse of $5 is 



.Id (C\ c 









0. 


0, 





A 1 = (2r)- 2 ( y BC 2 + T y(2CV^AB +rAy)) , B 1 = 

C 1 = (2rr 2 (c 2 D+2CV^AB -{C-rA)yj , ^1 = ^. 



1-ai A 



>*:= ^ 2 + — , iai = ia— 2. 



For the purpose of the application of these transformations to asymptotic results, one has 
to find the action of the group of Backlund transformations on the manifold of monodromy 
data. In terms of ^(fi, r) introduced in Proposition 2.1, the transformation $1,2 reads 

applying the latter relation to the canonical solutions, one shows that 

Xi >a n ,0 (M) = (ir(M))i, S^VM^))^; 

hence, 

(a, s°, -50° 1 ^l » 5ii , 512, 521 , 522) -> (a-i, , sf , ip n , ig 12 , -ig 2 i , -1922) ■ 

6.2 Lie-Point Symmetries 

In this subsection, the subscripts "n" and "o" are used to denote "new" and "old" variables, 
respectively. 

6.2.1 T^-T 

Let A (r ), B (t ), C (t ), and D (t ) be a solution of System (5), and the function u (t ) 
solve Equation (1). Set r ra = r e _17rp , p = ±l. Then 

A n (T n ) = -A (T ), B n (T n ) = -B (T ), C n (T n ) = C (T ), and D n (T n )=D (T ) 

is a solution of System (5) for V — A n (T n ) B n (T n ) = V ' —A (t )B (t ), and the function u n {T n ) = 
—u (t ) solves Equation (1). Note that 5 (r ) = 5 n (r n ) and — i5 n (r n )S„(r n ) = e6, e = ±l. On 
the corresponding fundamental solutions of Systems (4) and (12), the above transformation 
acts as follows: 

A = -A„, $ (A ,r ) = cr 3 $„(A n ,r„) 



and 



iirZ 



fio=W2, Z = ±l, * (/x ,r ) = e 4 ^^(//n,^). 
In terms of the canonical solutions of System (12), this action reads: 



Y %u. ) = e-^Y™ k _ p _ l (^ n )e--^e- 
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^o,fc(^o) : 



-ile^XV^n)*!, P=-l 
These formulae for the canonical solutions imply the following action on M: 

coo _ - !fa 3 f(a-i/2)a 3 c» - f (a-i/2)a 3 lfa 3 

lJ n,k-p-l~ c c ,J o,k c c ' 



fc <7lSS ifc _,<7l, P=-Z, 
'-i CTl ( < S° i0 )- 1 G n eT-3 e -f(a-i/2)<x 3; p=1> 

i^ocriGne-T^eKa-i/^s^ p=-l. 



Note that the action on M is independent of I. 

One uses this transformation to prove the asymptotic results stated in Theorems 3.1-3.5 
and formulate Conjectures 3.1 and 3.2 for e\ = ±1 (negative r) by using those for e\ = 
(positive r). 

6.2.2 a->-a 

Let ^4 (t ), B (t ), C (t ), and D (t ) be a solution of System (5) for a = a Q , and the function 
^o(to) solve Equation (1) for a = a Q , b = b Q , and e = e Q (=±1). Set a n = —a , and either b n = b Q 
and e„ = e e~ 17rp , p = ±l, or b n = b e~ lnp and e n = £o- Then 

A n (r n ) = -S (r ), B n (r„) = -A (r ), C„(t„) = D (t ), and D„(r„) = C (r ) 

is a solution of System (5) for a = —a n and V—A n (T n )B n (T n ) = \/ —A (t )B {t ), and the 
function u n (r n ) = e e n u (T ) solves Equation (1) for a = —a n , b = b n , and e = e„. Note 

that 5 (t ) = f^j«n(T„) and -iQ„(r n )5 n (r n ) = e n b n (e n = ±1). On the corresponding 

fundamental solutions of Systems (4) and (12), the above transformation acts as follows: 

Ao = -A n , ® (\ ,T )=(Jl$ n (\ n ,T n ) 

and M 

Ho = H n e^, l = ±l, ^ {fJ'0,To) = Q{l2 n ,T n )^ n (fl n ,T n ), 

where 

0\ B n r n )e-- \ 

In terms of the canonical solutions of System (12), this action reads: 

Y™ k (» ) = Q(» n ,T n )Y™ k _ l (» n )e^a 1 , 

X° k (fl ) = [~ lpQ ^ n ' Tn ^ X n,k^n), P = l, 

°' k ° \-Q{^n,T n )X^ k+p {fi n )ai, p = -l. 

These formulae for the canonical solutions imply the following action on M: 



q0 



^iS° )fc+p (7i, p=-i, 

'iG n e w ( a "- i / 2 ) ,73 a3(^ 1 )- 1 CT3e-^( a "- i /2) CT 3 e ^^3 (Tl) p=lj 
-5° aiG n e 7r ( a "- i / 2 ) CT3 c73(5~ 1 )- 1 (T3e- 7r ( a ™- i / 2 ) CT 3e £ ^ CT 3 (7l) p= _i. 



Note that the action on M is independent of I. 

One uses this transformation to prove the asymptotic results stated in Theorems 3.1-3.5 
and formulate Conjectures 3.1 and 3.2 for £2 = ±1 (negative eb) by using those for £2 = 
(positive eb). 
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6.2.3 r^ir 



Let A (t ), B (t ), C (t ), and D (t ) be a solution of System (5), and the function u (t ) 
solve Equation (1) for b = b Q and e = e Q . Set r n = —Ut , I = ±1, and either b n = b Q and 
e n = e e~ 17Tp , p=±l, or b n = b e~ mp and e n = e Q . Then 

A n (T n ) = -A (T ), B n (T n ) = -B (T ), C n (T n ) = \lC {T ), and D n (T n ) = UD (t ) 



is a solution of System (5) for v 7 — A n (r n ) B n (r n ) = — V— A (t )-B (t ), and the function 
u n (T n ) = ie e n lu (T ) solves Equation (1) for b = b n and e = e n . Note that 5 (r ) = 5„(r n ) and 
— ia n (r n )i? ra (r ra ) =e n b n (e n = ±l). On the corresponding fundamental solutions of Systems (4) 
and (12), the above transformation acts as follows: 



A D = -i/A„, $ (A ,T ) = $ n (A n ,T n ) 



and 



In terms of the canonical solutions of System (12), this action reads: 



Y™ k (p ) = e^Y™ k (p n )e 

-o <.. ,_\^ az KM^ 



irla _ 



p=-l, 



These formulae for the canonical solutions imply the following action on M: 



q0 . 



'i^Vi G ™ e¥<T3 > p=i=-i, 

G n e~^, p =-l = -i, 

G n e™°*, P=~l = l, 

[-ia 1 (5° i0 )- 1 G n e- 2 ?^ ) p=l = l. 



One uses this transformation to prove the asymptotic results stated in (see the Appendix) 
Theorems A.1-A.5 and formulate Conjectures A.l and A. 2 for (pure) imaginary r by using 
the results for real r in Section 3. 
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Appendix: Asymptotics for Imaginary r 

Here we present the summary of results for asymptotics of u(t), TC(t), and t(t) as r^±iO 
and r — ► ±ioo. These results are obtained by applying the transformations changing r — > ir 
given in Subsection 6.2 to asymptotic results for real values of r presented in Section 3. 

In order to present these results, it is convenient to introduce the mapping 3 r ei , e2 : M— ► M, 
(a, sg, sg°,sf\5n, 512, 521, 522)^(0, sg,sg°(ei,e2),si°(ei, e 2 ), ?n(ei, £2), 312 (ei, £2), 321 (£1, £2), 
?22(ei,£2)), £i = ±l, £2 = 0, ±1. Define: 

(1) §L 1)0 as: Sg°(-l,(^i = S f e-T 2 , Sf (-1, 0) = s^e" 2 ^ ?n(-l, 0) = -^e"^, ?i 2 (-l,0) 
= -(521 522)e^ , ? 2 i(-l, 0) = -(512 -s%g 2 2)e~^ , and 522 (-1, 0) = -(511 +sg°5i2 - 
(521 + sg°S'22)so)e^ i ; 

(2) as: S§°(-1,-1) = sg°e-^, Sf(-1,-1) = sfej, ?n(-l,-l) = -i^ie"™, 
5i2(-l, -l) = -iff22e^, 521 (-1,-1) = -i(5n - «of 21 )e -2 ^, and 522 (-1, -1) = -1(312- 
So522)e^; 

(3) §L M as: Sg (-l,l) = s§°e- 2 r, Sf (-1, 1) = afe 2 ^, ?n(-l, 1) = gne'^ , £ 12 (-1,1) = 
9ue 4 , ff2i (-1, l)=52ie * , and 322 (-1, l)=322e 4 ; 

(4) J li0 as:^(l,0) = S fe-^,5f(l,0) = S § o e-^,? 1 i(l,0) = -i<7i2e-^,3i2(l,0) = -i( 5 ii+ 
s~3i2)e 4 , 32i(l,O) = -i022e 4 , and 322(1, 0) = -i(3 2 i + sg°322)e 4 ; 

(5) §\,_i as: 3§°(1, -1) = s%>e?, Sf (1, -1) = s^e"^, 311(1, -1) = 3 n e^, 312(1, -1) = 
3i2e 4 , 32i(l,-l) = 32ie 4 , and 322(l,-l) = 322e 4 ; an d 

(6) §^,1 as: S§°(l,l)= a g°eT J Sf (1, 1) = a f e" 2 ?, £ n (l, 1) = i^i + ag^nJeT , 312(1,1) = 
1(322 +50512)6 4 , 321(1, l) = i3ne 4 , and 3 22 (1, l) = i3i 2 e 4. 

Theorem A.l. Lef £i = ±l ; £2 = 0, ±1, eb=\eb\e 17T£2 , and u{t) be a solution of Equation (1) 
corresponding to the monodromy data (a, sg, So°> sf , 3n, 312, 321, 322)- Suppose that 

3ii (£1, £2)312 (£1, £2)321 (£1, £2)322(^1, £2)7^0, |Re(2^1n(3n(ei, £2)322(^1, £2))) |< g- 
T/ien 3 5>0 suc/i i/iai k(t) /ias i/ie asymptotic expansion 

u{t) =^ (~ 1) ^^^5 + ^( £l ; £2 ) + 1 e ¥ cosh(k9(r) + (g( £l , e 2 ) + 1) 

r^ooe 2 \ 

x lni?(r)+z(£ 1 ,£ 2 )+o(r- 5 ))) , (A.l) 

u>/iere 

^(r):=3V3|£6| 1/3 |r| 2 / 3 , £(ei, e 2 ) + l := ±- ln(£ii(ei, £2)322^1, £2)), 



z(£! , £ 2 ) := - ln(2vr) - y — ^ (?(ei , £2 ) + 1) + (- l) £2 ia In (2 + v^) + (P(£i , £ 2 ) + l)ln 12 

- ln^(£i,£ 2 )v / ^(£l,£2) + ir(z?(£i,£ 2 ) + l)^) , 



\ 3l2( £ l, £ 2) 

uj{e 1 ,e 2 ):=— r, 

322 (£1, £2) 
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and r(-) is the gamma function. 

Let TL{t) be the Hamiltonian function defined in Equation (35) corresponding to the func- 
tion u(t) given above. Then 

H(t) = (-l) i ^ 1 if3(e6) 2 / 3 |T| 1 / 3 +2|e6| 1 / 3 |rr 1 / 3 f(a-(-l) £2 i/2)-2V3i(^(ei,e 2 ) + l) 

T^OOC 2 

^_ S ^ , ( a -(-l)^i/2) 2 



Theorem A. 2. Let £i = ±l, £2 = 0, ±1, eb= \sb\e 17Te2 , and u(t) be a solution of Equation (1) 
corresponding to the monodromy data (a, s®, sg , gn, g\2, <?2i, 522)- Suppose that 

?2lOl,£2)=0, ?ll(£l,£2)?22(£l,£2) = l- 

Then 3 5>0 such that u(t) has the asymptotic expansion 

, (-l)«2ia 

2 ''' ' 2 3 /2 3 i/4^ \V3+l) 

exp(-i(3^| £ 6| 1 /3| T |2/3_^^ (l+o(r- 5 )) . (A.3) 



«(r) =. ( 1) — if ^rVl 173 I (- 1 ) £l£ ^o- i l" 1)£2+1 ^) f ^g- 1 



Theorem A.3. Let E\ = ±\, £2 = 0, ±1, eb=\eb\e 17T£2 , and u{t) be a solution of Equation (1) 
corresponding to the monodromy data (a, s[], sf, gn, g\2, 521, 522)- Suppose that 

?120l,£2) = 0, ?ll(£l,£2)?22(£l,£2) = l- 

T/ien 3 5>0 suc/i i/iai ■u(r) /ias i/ie asymptotic expansion 

(-l) e 2ia 

, 1 -1 -/> 1-.' •' ■ < - 1 1 1 \ ( !«>• *' - 1 i s. — \ 

n(r) (-1) 



r^ooe 



n l±^./ ^) 2/3 , ,i/3 , (-l^^^-ie^ 2 ' 1 -) A/3+1 

' y 2 |r| 23/231/4 \V3-iy 

x exp(i(3V3|£6| 1 / 3 |r| 2 / 3 + ^))) (l+o(r^)) . (A.4) 

Theorem A.4. Let ei = ±l ; £2 = 0, ±1, £&= |£6|e 17r£2 ; and u(t) be a solution of Equation (1) 
corresponding to the monodromy data (a, s[], gn, gi2, 521, 522)- Suppose that 

|Im(a)|<l, ?n(£i, £2)522 (ei, £2)^0, p/0, |Re(p)|<^, 



where 



is 1 
cos(27rp):= — ^= cosh(7ra) + -sg°sf e™. 



^) = wei ( i 1 ^ rfe exp((-l) £ ^)(p((-l) £2 a,p)xi(g(£i,£2);p)|T| 2 ^+p((-l) £2 a,-p) 



T/ien 3 5>0 such that u(t) has the asymptotic expansion 
(-1) £2 t6 

7re-| 

r^Oe" 

x Xl (f(£ 1 ,£2);-p)|rr 2 ^)(p((-ir 2+1 a,p)e- i ^2(5(ei,£2);p)|r|^ 

+ p((-l)«+ia,-p)e i ^X2(5(ei,e2);-p)|rr 2 ")(l + 0(T 5 )) , (A.5) 

where 

, . /|e6| iiV 2 / r (2-^)Vr(l+z 2 + f) 
p(*i,*2):= W e2 - 



32 y V T(l + z 2 ) / tan(vrz 2 ) ' 
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Xi(g(£i,£2);z 3 ):=g 11 (£ 1 ,e 2 )e 17TZ3 e* +g 2 i(e 1 ,e 2 )e i7TZ3 e *, 

— * ■ ITT • ITT \ / 

X2{9{ei,£2);z4):=gi2{ei,£2)e mZ4 e-+g 2 2{ei,£2)e~ 17rZ4 e'-. 

Let TL{t) be the Hamiltonian function defined in Equation (35) corresponding to the func- 
tion u(t) given above. Then 

2p (p((-l)^a,p)xi(5(ei,e2);p)|r|^-p((-l) e2 a,-p)xi(|(ei,e2);-p)|rr^) 
T T (p((-l) £ ^p)xl(f(el,e2);p)|r|^+p((-l)^a,- /3 )xl(?(el, e 2);-p)|r|-^) 

+ ^ a ( a _(_l)«i) + l +8 ^+ (±) . (A.7) 

Theorem A. 5. Let E\ = ±A, e 2 = 0, ±1, eb=\eb\e 17T£2 , and u{t) be a solution of Equation (1) 
corresponding to the monodromy data (a, Sq, Sq°, s^°, <7n, 512, 52I) 522)- Suppose that 

|Im(a)|<l, ?n(ei, £2)522 (ei, £2)^0, s[] = 2i. 

T/ien 3 5>0 suc/i i/iai «(r) /ias the asymptotic expansion 

(\ (-l) £2 r6exp((-l)^f) ^ / (-p^ ,, nea A , {-If^a 

<r) = 2osinhm Xi(5(£i,£2);0)(l-^Q((-1) 2 a)) + ^^- 



i-£i 2asinh(^) V 

x (?2i(£i,£2)e"^-35n(ei,e 2 )e i 4 I ) + (-l) e2 iaxi(5(ei,e2);0)ln|T|) 

x 



( X2 (?(£i, £2); 0) (l + i^Q((-ir +1 a)) +^i^(5 12 (£i, £ 2 )eT 
3g22(e u e 2 )e-T)-(-iyHax2(9(ei,e2);0)ln\T\)(l + o(r s )) , (A.8) 



where Xj(g(, £ ii £2); •)> J = l>2, are defined in Theorem AA, Equations (A. 6), 

Q(z) :=4V(l)-V(W2)+ln 2-ln(| £ 6|), 

■0(x) := -r- In r(x) is i/te psi function, and = —0.57721566490 .... 

Let H(t) be the Hamiltonian function defined in Equation (35) corresponding to the func- 
tion u(t) given above. Then 

H(r) = J-fa(a-(-iri) + ^+ +o(-) , (A.9) 

V7 r _ 0c ^i2rV V 4; r (a 2 (£i,£2)+&2(£i,£2)ln|T|) W 

w/iere 

S 2 (£i,£ 2 ) :=Xi(f(£i,£ 2 );0)(l-^^Q((-l) £2 a)) + ( ~ 1) 4 £27ra (? 2 i(£i,£ 2 )e-T 
-3£/ii(£i,e 2 )e 4 ), 

fc2(£i,£2):=(-l) £2 iaxi(?(£i,£2);0). 
Conjecture A.l. For the conditions stated in Theorem AA, 

T(r) - con S t.rK^(-i) £2 0+|+8^)A (( _ 1)£2a)p)xi( ^ i)e2);/9)|r| 2p 

+ p((-l)«a,-p)xi(5(£i,£2);-p)|rr^)(l+o(r' 5 )) . (A.10) 
Conjecture A. 2. For the conditions stated in Theorem A.5, 

T(r) = const.rH a ( a -(- 1 ) £2i )+i)^2(£i,£2)+62(£i,£2)ln|r|)(l+ (r 5 )) . (A.ll) 
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